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Communicated by S. A. Waksman, October 21, 1949 


Recent studies! have demonstrated that fumaric acid formation from 
glucose by Rhizopus nigricans No. 45 involves at least two mechanisms, 
one of which is aerobic, the other anaerobic. The latter involves a bulk 
fixation of CO, via oxalacetate, in confirmation of the reaction qualitatively 
demonstrated in this mold eight years ago with radioactive carbon dioxide 
(C"O,).2 

The aerobic mechanism is the subject of the present work. Methods 
of cultivation and handling of the mold, submerged mycelium and 
analytical procedures are those given in detail by Foster and Davis! 3 
and additional details will be given where necessary. 

experiments and Results.—Relation of C, Compounds to Fumarate Forma- 
tion from Glucose: Using washed submerged mycelium the essential 
surface culture results of Butkewitsch and Federoff* ® and Foster and 
Waksman® were confirmed, namely: aerobically ethanol accumulates in 
the early stages of the carbohydrate utilization, and gradually disappears, 
with a concomitant increase in fumarate, implying that alcohol is an inter- 
mediate between glucose and fumarate. Also confirmed was the formation 
of fumarate from alcohol as the sole carbon source, as well as from acetate, 
first noted by Takahashi and Asai in 1927.7. A systematic study of fuma- 
rate formation from C2. compounds (an aerobic process) was, therefore, 
undertaken. 

Conversion of Alcohol to Fumarate: Extensive experimentation indicates 
the following conditions are essential for high efficiency of this conversion: 
(a) good aeration conditions, such as agitating thin layers on a reciprocal- 
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type shaking machine; (6) initial alcohol concentration of 2 to 3%; 
(c) the growth medium in which the mycelium for the alcohol experiment 
is obtained must be neutralized to prevent a sharp drop in pH due to 
fumarate formation from the sugar; if the pH falls below 5.0 the mycelium 
is inferior for this purpose; (d) phosphate cannot be used for the neutraliza- 
tion because it yields inferior mycelium; excess precipitated caleium 
carbonate has proved very satisfactory. 

The washed mycelium, which is now furnished alcohol, must be allowed 
to become acid. In the neutral range alcohol consumption is less, and 
conversion to fumarate is lacking altogether or is small. Enough CaCO ; 
can be carried over from the growth medium, trapped in the mycelial 
clumps, or adhering to the mucilaginous coatings on the hyphae, so as to 
maintain the pH high enough to suppress fumarate formation from alcohol. 
Washing the mycelium briefly two or three times in 0.2 N HCl dissolves 
this CaCO; without injuring the mycelium. Excessive contact with the 
HCI is injurious. After a water wash a portion of the mycelium placed 
in water and agitated violently should show no CaCO; shaken loose and 
settling out. The optimum acidity for conversion of alcohol to fumaric 
acid is about pH 3 to 4, yet maximum conversions are obtained only when 
the pH initially is 6 to 7 and is allowed to fall due to fumaric acid accumu- 
lation in the now unbuffered medium; under good conditions the value 
falls to about pH 2.5 before the conversion of alcohol is affected harmfully. 

In properly conducted experiments aseptic techniques are unnecessary, 
due to the high acidity which develops. In these experiments, 1.2 g. 
wet weight (= 0.2 g. dry wt.) mycelium was used per 25 ml. of 2°) ethanol 
in 250-ml. Erlenmeyer flasks. After 4 to 5 days shaking at 28°C. and 
correction for small evaporation losses, filtrates from these cultures con- 
tain from 4 to 6 mg. free fumaric acid per ml. The highest we have 
obtained is 7.9 mg. per ml. Doubtless higher amounts could be obtained 
by partial neutralization. Generally ethanol consumption amounts to 
4 to 10 mg. per ml. Analytical data show this is equivalent to about 50 
to 80% weight conversion of ethanol to fumaric acid. This represents 
approximately 40 to 60°) molar conversion efficiency. Actually, the three 
highest values we have observed have been weight conversion = S4, 86 
and 91% (= molar conversions of 67, 68 and 72%). Fumarate is never 
obtained from mycelium in the absence of substrate (alcohol). 

Two things are remarkable about this process—the high yields of 
fumarie acid and the purity of the product. Paper chromatography 
(solvent = butanol-propionic acid)* of a culture filtrate containing about 
500 ug. fumaric acid showed no other detectable acid spots under our 
conditions. This means that other metabolic acidic impurities were 
present in amounts less than about 1% of the amount of fumaric acid. 
However, after substantial concentration, namely, ether extraction and 
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crystallization of fumaric acid from a water solution of the residue, malic 
acid could be identified in the mother liquor from the crystallization. It 
showed an acid spot of RF = 0.43 on a paper chromatogram. The purified 
fumaric acid was identified as such by melting point and the KMnQ, 
unsaturation test. 

Acetate Conversion: The conversion of acetate to fumarate has been 
studied under a great variety of conditions, the best weight conversion 
never exceeding 30% (= 29% on molar basis). Neutral conditions are 
essential here, as utilization of acetate is greatly reduced on the acid side 
and fumarate formation is not observed at all. In confirmation of Butke- 
witsch and Federoff’s® ' studies with surface pads, some succinic acid is 
also formed with submerged mycelium. In one of our experiments 7.2 mg. 
acetate per ml. was consumed, yielding 1.92 mg. fumarate and 0.26 mg. 
succinate. The succinate was measured manometrically using a succinic 
dehydrogenase preparation from pig heart. 

The discrepancy in vields from alcohol and acetate make it likely that 
acetic acid itself is not the substance undergoing conversion to fumarate, 
at least in the pathway from ethanol. An active C; compound probably 
is generated more efliciently from ethanol than from acetate, and though 
we have established that phosphate is essential for the conversion,! 
assiduous tests for acetyl phosphate!” have been consistently negative, both 
on filtrates and ground mycelium extracts. 

Conversion of Succinate: Fumarate formation from C. compounds and 
the fact that succinate accumulates in acetate cultures implies the inter- 
mediary formation of succinate followed by dehydrogenation to fumarate. 

Demonstration of the dehydrogenation reaction is, therefore, essential 
for the premise that fumarate formation from C. compounds proceeds 
via succinate. Living Rhizopus nigricans mycelium is inert toward 
succinic acid, when tested manometrically for oxygen uptake. This is 
true at acid or neutral pH values. However, desiccated mycelium actively 
oxidizes succinate, indicating that permeability limitations account for 
the negative results with living mycelium. Judging from the amount of 
oxygen taken up, the oxidation of succinate does not proceed beyond 
fumarate in desiccated preparations, which by themselves display some 
endogenous O. consumption. In one experiment with 0.01 mM. suc- 
cinate in phosphate buffer at pH 7.4, the oxygen uptake leveled off sharply 
to the endogenous rate, at which point the following O2 uptake values were 
obtained: endogenous flask = 96 ul.; succinate flask = 200 ul.; difference 
due to succinate = 104 ul. Oo; theoretical for oxidation of succinate to 
fumarate = 112 ul. O.. Each vessel had 30 mg. dry mold material. 

Experiments on CO», Fixation: Because this organism can synthesize 
appreciable amounts of fumarate via COs, fixation with glucose as the 
substrate,! examination of COs fixation mechanisms appeared desirable in 
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the alcohol experiments. A double fixation, namely, C; + COQ. — Cz; 
Cs + CO, — C, would be involved, and of exceptional efficiency. The 
following experiments appear to preclude these mechanisms: (a) fumarate 
formation is undiminished in a CO.-free atmosphere secured in a closed 
system by the presence of alkali and partial vacuum; (0) fumarate forma- 
tion is not accelerated or enhanced by elevated CO, tensions; (c) experi- 
ments with radioactive carbon dioxide (C'O.) and unlabeled ethanol show 
that CO, could not possibly account for the major portion of the total 
fumarate formed. Acid-permanganate degradation (see later) of the 
fumaric acid formed in this experiment showed that the radioactivity 
was predominantly in the carboxyl groups as compared to methine carbon. 
In view of the fact that this mold has been demonstrated to possess oxal- 
acetic acid decarboxylase, it is almost certain that the carboxyl radio- 
activity results from reversible decarboxylation of oxalacetate arising 
from fumarate via malate. Carbon dioxide is, therefore, a negligible factor 
in synthesis of fumarate from alcohol. 

Theoretical Consideration of the Above Results with Respect to a Tricar- 
boxylic Acid Cycle Mechanism: For two reasons the yield data seem to 
eliminate the tricarboxylic acid cycle in the formation of the C4 dicarboxylic 
acids (fumaric). 

First, theoretical molar yields of Cy from C2 via a C¢-cycle are 67%. 
In the mold system, yields equaling and possibly exceeding these have been 
obtained. That the Krebs cycle could operate in this case at its theo- 
retical efficiency in producing C, is improbable, due to other degradation 
outlets for the intermediates. The fumarate yields from alcohol are in 
reality substantially higher than those reported above because they are 
based on total alcohol which had disappeared, after corrections from 
suitable evaporation controls. Actually some of the alcohol was assimi- 
lated by the mold mycelium. In one alcohol experiment the dry weight 
increase in mold mycelium was equivalent to 15% of the alcohol which had 
been consumed. Since this occurred in the absence of a nitrogen source 
and minerals, it is considered to represent oxidative assimilation. 

Second, for each molecule of C4 formed, the tricarboxylic acid cycle 
would require a Cy molecule to begin with. This would have to come from 
ethanol, i.e., a C., which is the only substrate available. Thus, a func- 
tioning Krebs cycle in this system would still require a Cy synthesis from 
C, by some extremely efficient mechanism. 

Since CO: fixation has been eliminated (see above) as a major mechanism, 
attention was, therefore, directed to a consideration of a 2C,-condensation 
origin of the fumarate. None of the above experimental data are in- 
consistent with this possibility, and indeed, the yield data are strongly 
suggestive of this mechanism. Labeled ethanol makes it possible to put 
this theory to the final test. 
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Experiments Using C'*-Laheled Ethanol—Methods: Methyl-labeled 
ethanol and carbinol-labeled ethanol were obtained from Tracerlab, Inc. 
To avoid volatilization hazards, as well as to obtain CO, measurements, 
these experiments were conducted in 10-liter desiccators with ordinary air 
atmosphere. Other details were exactly as in the previous experiments 
with non-labeled ethanol.!' * The cocks were opened daily to compensate 
for oxygen consumption. Only one flask was placed in a desiccator. The 
whole apparatus, with the flask fastened in position was placed on a shaker. 
Both kinds of labeled ethanol were run with portions of the same batch of 
mycelium and at the same time for 4 days. The radioactive alcohcls were 
diluted with ordinary ethanol to a final concentration of 2%. At the end 
of the experiments a 300-ml. aliquot of the gas phase was removed with an 
evacuated bulb, the CO, absorbed in alkali, precipitated and weighed as 
BaCO; on a porcelain filter disc. Radioactivity measurements were made 
directly from the disc with a mica window Geiger-Miiller counter. All 
radioactivity measurements on BaCO; were measured as close as possible 
to infinite thickness and corrected for self-absorption when necessary. 
All counts actually measured were at least 10 times the background, and 
most were 20 to 200 times. Radioactivity of other organic compounds 
was measured as BaCO; obtained from wet oxidation using persulfate- 
AgNO.'5 The liberated CO, was absorbed in NaOH and collected as 
BaCO; by addition of BaCh. 

At time of analysis the culture with methyl-labeled ethanol had 5.4 mg. 
fumaric acid per ml., and that with carbinol-labeled ethanol 5.7 mg. per 
inl., determined by a mercurous fumarate method modified from Stotz.' 
Aliquots of the clear culture filtrates were adjusted to pH ~ 10 and about 
two-thirds the volume distilled off. The residue was acidified to pH ~2.0 
with H2SO, and extracted with ether overnight in a Kutscher-Steudel 
extractor. The ether in the extract was evaporated, and all remaining 
traces of volatile matter removed by maintaining the residue under high 
vacuum at 80°C. for 30 minutes. The light tan deposit of fumarie acid 
was dissolved in hot water, filtered and concentrated in an air stream on a 
hot plate to incipient crystallization. After standing in a refrigerator 
overnight, the crystals of radioactive fumaric acid were collected and 
washed on a sintered glass funnel. Yield from the carbinol-labeled 
alcohol was 52 mg. and from the methyl-labeled ethanol 32 mg. Both 
preparations melted at 274-275°C. in a sealed tube as compared to 279.5°C. 
for pure fumaric acid under our conditions. 

About 5 mg. of each kind of labeled fumaric acid was combusted for 
total radioactivity and another 10 to 12 mg. degraded with acid-per- 
manganate for location of the labeled carbons. Allen and Ruben’? have 
shown that this oxidation liberates 3 moles CO, and 1 mole of formic acid 
per mole of fumarate, and that the formic acid is derived exclusively from 
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one of the methine-carbons of the fumarate. The other methine-carbon 
and the two carboxyls make up the three CO, liberated. In confirmation, 
we have, with unlabeled fumarate, identified formic acid as a product of 
this oxidation under our conditions by ether extraction and its Duclaux 
distillation constants. Formate separation also has been done by steam 
distillation direct from the oxidation mixture after destruction of the 
residual KMnO, with H.O,. The oxidation mixture contained 11 mg. 
fumaric acid in 6 ml., 20 ml. 0.8 NV KMnO, and 14 ml. 3 The 
oxidation is complete in less than 10 minutes at room temperature, but the 
formate slowly is further oxidized. The oxidations were carried out in 
160-ml. capacity Warburg vessels connected to manometers containing 
mercury, and when theoretical amounts of CO, had been liberated (= three- 
fourths of the’fumarate carbon) the flask was placed in ice water to retard 
formate oxidation. Alkali was introduced through the vent in one side 
arm, and the CO, absorbed. The oxidation mixture was removed for 
formate separation, and the CO», precipitated as BaCOs; and taken for 
radioactivity measurements. 

In the case of radioactive fumarate, inactive carrier formic and acetic 
acids (0.3 mE. of each) were added prior to ether extraction and Duclaux 
distillation. Two successive extractions with 10 volumes of ether netted 
about 90%) recovery of the acids. The ratios of acetic, formic acid ob- 
tained in the Duclaux distillations from both kinds of labeled fumarie acid 
were so shifted by the ether extracts that formic acid definitely must have 
been contributed by the degradation of fumaric acid. The Duclaux 
constants are indispensable in ascertaining the radioactivity of the formic 
acid produced from fumarate. Radioactivity of the various Duclaux 
fractions should be proportional to the characteristic formic acid values ina 
Duclaux distillation, otherwise the radioactivity in the preparation cannot 
be due to formic acid. After the titration values were obtained, the various 
Duclaux fractions were oxidized to CO: for radioactivity determinations. 

Results with Fumaric Acid from Carbinol-Labeled Ethanol: The formic 
acid in this case was devoid of radioactivity even when measured as gaseous 
COs, with the vibrating reed electrometer which is ~ LO times more sensitive 
than our solid counting procedure. There was a small amount of steam 
distillable radioactivity (~2°% of the total) but it doubtless came from 
impurities in the fumarate, for it bore no relation to the formate distillation 
curve. The fumaric acid itself had a specific activity of 1.2 (counts/sec./ 
mg. BaCQs), located entirely in the carboxyls, in view of the inactivity of 
methine-carbon. This experiment demonstrates concluswely that a direct 
C2 condensation has taken place, and furthermore, that no other reactions took 
place whereby carbinol-carbon of ethanol is converted to methine-carbon of 

fumaric acid. That is, no mixing takes place. It means the following 
conversion must have occurred: 
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CH—C'OOH 
Intermediate I Intermediate II — || 


HOOC!*—-HC 
Ethanol Fumaric Acid 


CH;C™HLOH 


Based on the fact that phosphate and succinate appear to be involved, 
according to the earlier experiments, the supposition is made that Inter- 
mediate I is an “‘active’’ C, compound, possibly phosphorylated, and 
Intermediate II is the primary product of the condensation reaction, pre- 
sumably an ‘‘active’’ succinate. 

The starting radioactive alcohol used in this experiment had a specific 
activity of 1.67. The reduced specific activity (1.2) of the fumarate formed 
from this alcohol could result only from a dilution of the radioactive 
carboxyls by inactive carboxyls. The probable mechanism: some of the 
alcohol is oxidized to COs. The CO, at the end of the experiment had a 
specific activity of 1.2, representing inactive CO, from: methyl carbons as 
well as endogenous respiration, and radioactive carbon from carbinol. 
Thus, due to dilution, the specific activity of the CO, is much less than that 
of the carbinol group of the alcohol (2 X 1.67 = 8.3). After fumarate is 
formed via direct C. condensation, the initially highly radioactive carboxyl 
groups are diluted with lower specific activity CO:, probably via reversible 
exchange by oxalacetate decarboxylase, an enzyme known to be active in 
this organism. ! 

Results with Fumaric Acid from Methyl-Labeled Ethanol: The formic 
acid derived from this fumarate was decidedly radioactive, as was the 
CO, representing three-fourths of the fumarate. This latter contains, of 
course, one methine carbon, equivalent to the formic acid carbon. The 
radioactivity was unquestionably due to formic acid, since radioactivity 
measurements precisely paralleled titration values of the Duclaux fractions 
representing pure formic acid. The last fraction, the most accurate because 
of its size, contained by titration 65°; of the total formic acid distilled. 
This fraction also was found to contain 65°; of the total radioactivity of 
the formic acid. ; 

The specific activity of the starting ethanol in this experiment was 1.83, 
and that of the isolated fumaric acid 2.18. This increase can be accounted 
for only by entrance of labeled carbon into the initially non-radioactive 
carboxyls of the fumarate. Here, also, an exchange between labeled CO. 
and the fumarate carboxyls must have occurred, again probably involving 
the participation of the oxalacetate decarboxylase in this organism. The 
labeled CO, had a specific activity of 0.S, and was derived from oxidation of 
some ethanol. The incorporation of C''O, into unlabeled carboxyl nat- 
urally results in increased specific activity of the fumarate. It is interest- 
ing that the exchange reaction in the carbinol-labeled alcohol experiment 
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reduced the specific activity of the fumarate formed, and increased it in 
this experiment. These experimentally observed results are, therefore, 
what one would expect. 

The specific activities of the methine-carbon and carboxyl-carbon of 
this fumarate were 3.6 and 0.7, respectively, as determined by measure- 
ments on formate and CO, from permanganate oxidation. Since the 
specific activity of the methyl group of the starting alcohol was determined 
to be 3.66, it is evident that a direct conversion of the ethanol methyl group 
to fumarate methine group must have occurred. 

Discussion.—In recent years experiments on bacteria, yeast, fungi and 
animal tissue have suggested strongly the existence of the 2C condensation 
reaction (Thunberg-Wieland condensation). Although the evidence has, 
up to this point, been held in some dispute (see comprehensive literature 
reviews and critical analyses by Wood,'* and Bloch,'’) the experiments in 
this paper decisively establish the 2C, condensation reaction. Thus, a 
third mechanism of formation of the Cy dicarboxylic acids is added to the 
other two generally accepted as functioning in aerobic cellular respiration: 
CO, fixation yielding oxalacetic acid, and decarboxylation of a-ketoglutaric 
vielding succinate. Just what part, if any, the 2C, condensation plays 
in various living systems in furnishing (eventually) oxalacetic acid for 
the tricarboxylic acid respiratory cycle is yet to be ascertained. 

Apart from the reaction itself, of particular significance appear to be the 
results indicating entrance of CO, into carboxyl groups of the fumaric acid 
which itself is synthesized via a mechanism not concerned with CO, fixation. 
This CO, entrance is assumed to occur through reversible decarboxylation 
of pre-existing oxalacetate (or malate) in equilibrium with the fumarate. 
It would be of interest to determine if this mode of entrance of CO, could 
account for some of the carboxyl-labeled organic acids formed in the 
numerous Krebs type experiments which have heretofore been done with 
labeled CO, or NaHCOs3. 

In view of the prominent réle C, compounds play in the metabolism of 
fungi,'* it is not surprising that the ‘‘2C, condensation reaction” should 
have a special significance in these organisms. With adequate oxygen, 
carbohydrate in mold cultures is oxidized via oxidative decarboxylation of 
pyruvate, the resulting active C: (acetyl phosphate?) forming organic 
acids and/or CO, eventually. However, the physical nature of mold 
mycelium in masses almost automatically limits oxygen availability during 
carbohydrate utilization, and anaerobic alcoholic fermentation ensues. 
Upon exhaustion of carbohydrate, the mold now slowly oxidizes the 
alcohol, generating organic acids and/or CO, just as it does from pyruvate 
directly. This mechanism whereby the mold eventually obtains its full 
quota of energy and carbon from the original carbohydrate and accumu- 
lates acids is possible because ethanol oxidation yields apparently the 
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same or similar active C, fraction as pyruvate oxidation. The oxidation 
merely proceeds via a roundabout route, which has been named the 
“alcohol excursion.” These results also indicate why alcohol has so often 
been considered disputably the intermediate in organic acid formation from 
sugars by fungi. 

The formation of pure fumaric acid in high yields labeled predominantly 
in methine-carbons should make possible the availability of similarly 
labeled analogs, such as oxalacetic acid, malic acid, succinic acid, aspartic 
acid, a-ketoglutaric acid, etc., having value as tracers in metabolism 
studies. It also provides now the only feasible method of synthesizing 
methine-labeled maleic anhydride, a vital intermediate in chemical syn- 
thesis of many suitably labeled ring-type organic compounds, including 
carcinogens. 

Summary.—Conditions for obtaining high yields of fumaric acid from 
ethanol by Rhizopus nigricans are specified. Yields of fumaric acid were 
so high that the tricarboxylic acid cycle as a mechanism of formation of 
fumarate is excluded. Yields of fumarate from acetate are one-third 
those from alcohol. Experiments with unlabeled ethanol and C'*-labeled 
carbon dioxide eliminate a CO, fixation mechanism of fumarate synthesis. 
The mold possesses an enzyme which oxidizes succinate to fumarate. 

Fumarate formed from C' methyl-labeled ethanol contains the same 
specific activity in the methine-carbon as that of the methyl group from 
the starting ethanol. The carboxyls contain a small amount of radio- 
activity due to a reversible decarboxylation reaction probably involving 
oxalacetate decarboxylase. 

Fumarate from C" carbinol-labeled ethanol contained no radioactivity 
in the methine-carbons, but abundantly in the carboxyls. All the evi- 
dence proves unequivocally that the C, dicarboxylic acid synthesis occurs 
by direct 2C: condensation as hypothesized originally by Thunberg. The 
implications of this reaction in the tricarboxylic acid cycle of respiration 
and in synthesis of tracer intermediates for biochemistry and synthetic 
organic chemistry are discussed. 
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GEOMETRY OF REDUCED MOMENT SPACES 
By S. KARLIN AND L. S. SHAPLEY 
THE RAND Corporation, SANTA Monica, CALIFORNIA 


Communicated by J. von Neumann, October 7, 1949 


1. A normalized distribution function on the closed unit interval 
{0, 1] is any real, non-decreasing function ¢(¢), continuous to the right. 
with ¢(—0) = 0, (1) = 1. The distribution with saltus of one at f and 
constant elsewhere is denoted by /,. The nth moment of ¢ is 


= 


The region of n-dimensional Euclidean space comprising the points x, = 
u(od), 7 = 1, 2, ..., n, for all distributions ¢ is the reduced moment space 
®". The region comprising the points of the form x, = u,(/,) = ¢ is a 
twisted curve, denoted by €”. @” is closed and convex, and for n > 2 
its set of extreme points is precisely €". 

THEOREM. [fx is in the boundary of " then there is a unique distribution 
$ with moments (od) = x;, and x can be represented as a convex combination of 
extreme points in just one way, namely 


x; = wi 


If x is interior to B", then the associated distribution and the convex repre- 
sentation ure not unique. 

Denote by (x) the number of extreme points participating in the convex 
representation of a boundary point xv of @", and 6(x) the same but with the 
points (0, 0, ..., 0) and (1, 1, ..., 1) counted half. Let &(x) be the com- 
mon intersection of all the supporting planes to M" at x; let a(x) denote the 
dimension of €(x), c(x) the dimension of E(x) n B". 

TuEoreM. /f x ts any boundary point of 2" then 


2b(x) = a(x) + 1, 
A(x) = c(x) + 1. 


By a suitable extension of the definitions, these relations can be made to 
hold for points interior and exterior to @". In particular, there are two 
distinct “‘minimal’’ representations of the interior points, with b(x) = 
(n + 1)/2, corresponding to the representations of two boundary points 
of "*'. The boundary of 4” may be partitioned into 2n disjoint ‘‘faces,”’ 
KR. and A’, of surface dimension a, a = 0, 1, ..., m — 1, where a(x) = a 
for x ¢ A” or Ar. c(x) is constant over these faces, and indicates the 
order of curvature of the surface. For the entire boundary, a — 1 < 2c< 
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2. The set of polynomials P(t) of degree n or less which are non- 
negative over [0, 1] may be conceived as a conical region in the (m + 1)- 
dimensional Euclidean space of the coefficients. If the polynomials are 
normalized by 


P(t)dt = 1 


a convex, closed, m-dimensional region J" is obtained. Its extreme points 
are precisely those polynomials that have m roots (counting multiplicity) 
in [0, 1]: they fall into two disjoint components distinguished by the sign 
of the leading coefficient. The entire region JJ" is spanned by extreme 
points taken two at a time; in fact: 

TuHeoreM. [f P is in " then there is a unique representation 


m 
P(t) = a@ Il (t — BI — ifn 
ful 


j=l 


2m, 


P(t) = af Il (t — + BL — 2) (t — ifn = 2m 
j=l j=l 


1. Pts interior to Y" if and only 
if all of the inequalities are strict 

Denote by 6(P) the number of distinct roots of P(t); 6(P) the same 
counting roots at 0 and 1 as half. Then for P on the boundary of J": 


b(P) = n — a(P) 
2b(P) = n-—c(P), 


a(P) and c(P) being defined geometrically as in section 1. The boundary 
of J" may be partitioned into 2n disjoint components and c= 0, 
1, ...,” — 1, with c(P) = c for Pin or 

3. A convex cone in (n + 1)-dimensional space is a set which contains 
the point ax + 8x’ whenever it contains x and x’, a and 8 being any non- 
negative real numbers.! The conjugate cone C* to a convex cone C is the 
set of points y which satisfy 


n 


> 0 allxeC. 


1=0 


C* is convex closed, and if C is closed then C** = C. 

If Q” and J" are made into convex cones in (m + 1)-dimensional space 
by dropping the two normalizing conditions "dd = 1, and f-Pdt = 1, 
then they are mutually conjugate. Geometrically stated, this means that 
the codrdinates of a boundary point of 8” are the coefficients of a plane of 
support to J", and vice versa. Interior points correspond to separating 
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planes, exterior points to secant planes. If x is in the boundary of @” 
and if P is interior to the (convex) set of points in the boundary of J" 
which generate planes of support to i” at x, then P is said to be conjugate 
to x. 

TueoreMm. If x is conjugate to P, or P conjugate to x, then 


a(x) + = + a(P) = n-1, 
b(x) = b(P), B(x) = B(P). 


The duality of conjugate cones is fundamental in the geometrical inter- 
pretation of the theory of two-person, zero-sum games. Motivation for 
the present study came from the consideration of games described by 
polynomial payoff functions over the unit square. 

4. In this section, results will be given only for the case n 2m. 
Analogous results hold for odd dimensions. 


The duality just described leads easily to the well-known fact,’ that 
uo = 1, mi, .--, Mem are the moments of a distribution if and only if the 
quadratic forms 


m m 
XX Mi and XX — Mety) 
i,j=0 i,j=1 


are non-negative. The first principal minors are 


Mo... Me — pe 


| 
4, =| 


Up... Mok Mi — Mi41--- — Mar 


k=0,1,...,m,1 = 1,2, ...,m, respectively. These determinants may 
be used to characterize the faces A2”, a of 2°". In fact, if x is in 


A-” then, setting b = (a + 1)/2, 


4>0, b<ksm; 
A. > 0, A. = 0, b<l<m. 
If x is in A” then interchange upper and lower bars.. . 

If an interior point (um, ..., H2m—1) of B°”—' is given, then the extreme 
values possible for u2,, are found by solving dom = 0 and A, = 0. The 
lower value, designated ye, comes from the first equation, the upper, 
fim, from the second. The supporting planes at the opposite boundary 
points (uo, ..., Hem) and (uo, ..., Hem) are unique and correspond to the 
polynomials [P4,,(t)|* and ¢(1 — of (when normalized), 
where 
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The spectra of the unique distribution ¥ and J corresponding to these 
opposite boundary points are the roots of Pa,,(t) and t(1 — t)Pam(t), 
respectively. The two sets of roots interlock strictly (ef. the representa- 
tion of section 2) and the cumulative weights of the two distributions 
interlock as well, so that y(t) — Y(t) has a sign change at each saltus point 
of and ¥. 

The polynomials Ps,, k = 0, 1, ..., m, are orthogonal with respect to 
the weight factor dy(t), while Py, / = 1, 2, ..., m, are orthogonal with 
respect to ((1 — HdP(t). These systems of polynomials, together with the 
analogs for odd n, are the basis for a new geometric approach to the theory 
of orthogonal polynomials. 

THrorem. There is a 1:1:1 correspondence between (a) the interior of 
0°" |, (b) the set of ordered pairs of polynomials (Psy, Pym), and (c) the 
open simplex of strictly interlocking roots 0 = to<th< ... < tom = 1. 

The representation of section 2 is thus linked to the polynomials of this 
section and to the interior of Q"~'. 

5. In this section certain geometric features of the reduced moment 
space Q" and its dual J” will be given. " can be inscribed in a very nat- 
ural simplex $" whose vertices x“) are given by 


Its dual is the simplex inscribed in J" spanned by the polynomials 


An, x(t) = (1 — t)"-* 
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(which must be normalized by the factor m + 1). The barycentric co- 
ordinates with respect to $" of a point x of B” are 


= Mn, =0,1,...,2, 


where @¢ is a distribution having moments uj(@) = x; 7 = 1, 2, ..., mn. 
This gives a geometric interpretation to the quantities A, , which play so 
important a rdle in the literature on moment theory.* The relation of 
%" to B" leads to several qualitative results on moment spaces, and in 
particular gives a simple geometrical proof of Hausdorff's Theorem. 

An interesting point in the interior of each Q" is that given by the 
continuous distribution df Vil — t) whose moments 

| 
Ki on 
satisfy, for any n, uw, = (u, + @,)/2. The supporting planes at (41, be, 

..y Mn) and (41, we, ..., Z,) are parallel, another unique property of this 
moment sequence. The polynomials P4,,, Px, n = 2m, for these moments 
are (up to a constant factor) the Tchebycheff polynomials of the first and 
second kind. 

The center of gravity of the simplex $” is given by the rectangular dis- 
tribution ¢(t) = ¢, whose moments 1, '/2, '/3, ... give rise in similar fashion 
to the Legendre and the first associated Legendre polynomials. The 
centroid of the dual simplex is P(t) = 1. 

Finally, the n-dimensional volume of 4" has the interesting value 


V. = It BG, 9), 
i=1 


where B is the beta function. 

6. A similar account can be made for moment spaces based on an 
arbitrary finite set of moments {Mi}. With certain adaptations, most of 
the foregoing analysis and geometry can be carried over to infinite moment 
sequences, and to distributions over the infinite intervals [0, ~] and 
[—«, |. These results and their proof, and additional theorems 
unstated here, will be published elsewhere. 

' Krein, M., and Smulian, D., Ann. Math., 41, 556-583 (1940). 

* Shohat, J. A., and Tamarkin, J. D., The Problem of Moments, American Mathe- 
matical Society, New York, 1943, p. 77. 

3 Widder, D. V., The Laplace Transform, Princeton University Press, Princeton, 
1941, ch. IIT. 
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ON n-DIMENSIONAL CONCEPTS OF BOUNDED VARIATION, 
ABSOLUTE CONTINUITY AND GENERALIZED JACOBIAN 


By T. Rapo anp P. V. REICHELDERFER 
STATE UNIVERSITY, COLUMBUS 


Communicated by Marston Morse, October 17, 1949 


Background.—-A real-valued function x = f(u) may be thought of as 
defining a mapping f: U' — X', where U', X' designate Euclidean 1- 
spaces (real number-lines). In this interpretation the fundamental con- 
cepts of bounded variation, absolute continuity and derivative acquire 
important and suggestive geometrical meaning. To obtain fruitful n- 
dimensional generalizations of these fundamental concepts, it is then 
natural to study mappings f: U" — X”, where U", X” are Euclidean n- 
spaces with points u = (m4, ...,Un),X = (%1,...,%,). The general objec- 
tive is to develop concepts of bounded variation, absolute continuity 
and generalized Jacobian, which yield a theory comparable in utility 
and scope with the classical one-dimensional theory. Various ap- 
proaches to this general objective may be found in the literature. The 
present note is concerned with the line of thought presented in reference 1. 
The theory in reference | is developed for the case m = 2. For this case, 
the theory may be considered as essentially complete, due to the sustained 
efforts of many mathematicians. The generalization to the n-dimensional 
case represents a long-range program of great interest and great difficulty. 
The purpose of this note is to report on progress achieved by the writers 
in this general direction. We shall present in detail the precise definitions 
of the n-dimensional concepts of bounded variation, absolute continuity 
and generalized Jacobian which we use in our work, and we shall describe 
applications to the transformation of multiple integrals, a topic which is 
discussed in Part IV of reference | for the case n = 2. 

Basic Concepts.—Let Do be a bounded domain (connected open set) in 
the space U", and let f: Dy — X” be a bounded continuous mapping from 
Dy into the space X”". In analogy with the 2-dimensional case it is ex- 
pedient to assign to every point x of X” an essential multiplicity relative 
to the mapping f. For the 2-dimensional case, various equivalent defi- 
nitions of the essential multiplicity are available—in fact, four such essen- 
tial multiplicities were actually used in the literature. In reference 2 
these essential multiplicities are denoted by y*, V, respectively. 
Since they differ from each other only on countable sets, they can be used 
interchangeably throughout the 2-dimensional theory. However, the 
corresponding essential multiplicities in 2 dimensions may differ from each 
other on sets of positive measure. Recent results of Federer* indicate 
that the multiplicity corresponding to the largest one of the four multi- 
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plicities just mentioned, namely ¥*, is the appropriate one for the n- 
dimensional case. In the work of Federer, the definition of this multi- 
plicity is stated, in a very convenient manner, in terms of relative Cech 
cohomology groups. This essential multiplicity is used in the present 
note, and is denoted by A. For the concept of absolute continuity several 
equivalent definitions are available in the 2-dimensional case. For the 
n-dimensional case the choice is again restricted; we found it appropriate 
to adopt the definition proposed in reference 4. Finally, for the n-di- 
mensional generalized Jacobian we found it convenient to adopt the form 
of the definition suggested in reference 5 for the 2-dimensional case. Pre- 
cise definitions of these basic concepts follow. 

The Index u(x, f, D).—Given a bounded continuous mapping 7: Do 
X" as above, let xp be any point in X”. A domain D is termed admissible 
for Xo, f, Do if the closure cD of D is contained in Do and x is not in the image 
of the frontier frD of D under f. If D is admissible for xo, f, Do, there 
exist in X” pairs of compact sets A, B satisfying the following conditions: 
(i) frA is a subset of B, and B is a subset of A; (ii) A — B is not empty and 
is connected; (iii) the image of cD under f is contained in A; (iv) the image 
of frD under f is contained in B; (v) xo isin A — B. Under these condi- 
tions the pair A, B is termed admissible for x, f, D. Assume that A, B 
is admissible for xo, f, D, and consider the mapping f cD: (cD, frD) — 
(A, B). This mapping induces a homomorphism h: //"(A, B) — H"(cD, 
frD), where H" denotes the n-dimensional Cech cohomology group with 
integral coefficients. Both of the groups involved are infinite cyclic, and 
by a suitable orientation process one may select once for all standard 
generators gp, gan for the groups H"(cD, frD), H"(A, B), respectively. 
Then /A(gin) = k-gv, where k is an integer (positive, negative or zero). 
This integer & is defined to be the index p(x, f, D); it can be easily shown 
to depend solely upon xo, f, D as the notation suggests. If u(xo, f, D) is 
not zero, then D is termed an indicator domain for x9, f, Do. An indicator 
domain D is termed positive (negative) if the sign of u(x, f, D) is positive 
(negative). 

The Essential Multiplicity Function K(x, f, Do).—-Let o be a generic 
notation for a finite system of pairwise disjoint indicator domains D for 
xo, f, Do. Then A(xo, f, Do) is defined to be the least upper bound of 
YS | u(xo, f, D)| for D in o, with respect to all systems o. If each D occurring 
in the system o is restricted to be a positive (negative) indicator domain, 
one obtains the definition of the multiplicity functions A +(x, f, Do), 
(K~(xo, f, Do)). 

The Essential Maximal Model Continuum.—A continuum c is termed an 
essential maximal model continuum for xo, f, Do if ¢ is a component of the 
inverse of xo under f in Do, and every neighborhood of ¢ contains in its 
interior an indicator domain D which contains c. The essential set 
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E(f, Do) consists of all points uo in Dy which belong to an essential maximal 
model continuuin for f(), f, Do. 

Essential Bounded Variation, lssential Absolute Continuity. The 
mapping f is said to be eBV in Dy (essentially of bounded variation in Dy) 
if A(x, f, Do) issummable. The mapping f is said to be eAC in Dy (essen- 
tially absolutely continuous in Do) if (i) it is eBV in Dy, and (ii) for every 
subset 6 of (f, Dy) which has measure zero, it is true that the measure of 
the image of }) under f is also zero. 

The Signed [essential Multiplicity Function w(x, f, Do). This is defined 
to be At(x, f, Do) — K(x, f, Do) unless both A+ and A~ are infinite. 
When f is eBV’ in Do, u(x, f, Do) is defined almost everywhere in Y” and 
is summable. If D is an admissible domain for x, f, Dy, and A(x, f, D) 
is finite, then the index u(x, f, DY) and the signed essential multiplicity 
u.(xo, f, D) have the same value. 

The Essential Generalized Jacobian J(u, T).-Assume that f is eBV in 
Dy. For each open interval / in Do, the signed essential multiplicity fune- 
tion u(x, f, 7) is defined almost everywhere in Y” and is summable. The 
Lebesgue integral of u(x, f, 7) vields a function of intervals / in Dy which 
possesses a derivative almost everywhere in 1); this derivative is the 
essential generalized Jacobian J/.(u, f). 

Application to the Transformation of n-tuple Integrals. In terms of 
the preceding concepts, transformation formulae for n-tuple integrals 
are established which represent complete generalizations of the 2-dimen- 
sional formulae in reference 1, IV.4.4, IV.4.6, IV.4.7, IV.4.9, with the 
signed essential multiplicity u, replacing the function v in these formulae. 
As a generalization of reference 1, [V.4.8, it is shown that if f is eBV in 
Do, then the integral over Dy of | /,(u, f) is less than or equal to the integral 
over X” of K(x, f, Do), the sign of equality holding if and only if f is eAC 
in Dy. The range of applicability of these -dimensional transformation 
formulae depends upon the scope of the eAG mappings. It is shown that 
this class is closed under various limit processes, the results representing 
complete generalizations of the closure theorems in reference 1, IV.4.11, 
IV .4.12, 1V.4.15, 1V.4.16, I1V.4.17, 1V.4.18, I1V.4.19. It is demonstrated 
that if fis eBl in Dy and if the coordinate functions defining f possess 
complete differentials almost everywhere in Dy, then J,(u, f) agrees with 
the ordinary Jacobian almost everywhere in Dy. Consequently the n- 
dimensional transformation formulae contain, as very special cases, various 
special results established in previous literature. Many further results 
presented in Part IV of reference | admit of a complete generalization to 
n dimensions. 

A detailed presentation of our work is now being prepared for publication. 

' Rado, T., “Length and Area,” American Mathematical Society Colloguim Publications, 
vol. 30, New York, 1948. 
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2 Rado, T., “Two-Dimensional Concepts of Bounded Variation and Absolute Con- 
tinuity,”” Duke Math. Jl., 14, 587-608 (1947). 

3 Federer, H., ‘Essential Multiplicity and Lebesgue Area,’’ Proc. Nati. Acap. Sct., 
34, 611-616 (1948). 


‘Rado, T., “On Essentially Absolutely Continuous Plane Transformations,” Bull. 
Am. Math. Soc., 55, 629-632 (1949). 


5 Reichelderfer, P. V., ‘‘Law of Transformation for Essential Generalized Jacobians,” 
Duke Math. s/., 16, 73-88 (1949). 


QUADRATIC RELATIONS INVOLVING THE NUMBERS OF 
SOLUTIONS OF CERTAIN TYPES OF EQUATIONS IN A FINITE 
FIELD 


By H. S. VANDIVER 
DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS 


Communicated October 7, 1949 


In two previous papers! the writer considered the problem of finding 
the number of sets s, ¢, such that 


where and my are integers 0 < < p" — 1; O< < p” — 1; p" 
1 =0 (mod m), p” — 1 = 0 (mod mz), g is a primitive root in a finite field 
F(p"), p an odd prime, 7 a given integer in the set 0, 1, ..., m — 1; ja 
given integer in the set 0, 1, ..., m2 — 1, s in the set 0, 1, ..., m’ — 1; 
tin the set 0, 1, ..., mm,’ — 1; p” — 1 = mm,’ = mym,'. Denoting the 
number of possible sets s, f by (2, 7)mim. an explicit expression in terms of 
p and n for the expression 


(4, + h,j + 


1 1 
1 


j 
in the two Cases I. m,; = me, IL. mymz = p" — 1, (Mm, m2) = 1, was set up. 
In the present paper we obtain, using much simpler methods, similar 
results for m, and my any divisors of p” — 1, also quadratic relations of a 
different type when m,; = mz. In Hua and Vandiver*® an expression for 
the number of solutions of (1) was derived, noting that the equation 


ax + + = 0 2) 


in F(p") may be put in the form (1), when ¢,c2c3v.42 ~ O, but the use of 
this form? is inconvenient for our present purpose. We have recourse to 
some results in another paper by the writer.’ 

If we keep @ and j fixed the number of solutions of (1) is mym.(7, 7) where 
(i, 7) is the number of different sets s, ¢ which are possible in the relation 
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(3) and in the respective ranges just mentioned for s and f. Let now 
(Rk, Ll)» be the number of different solutions 5), ¢; of 


1+ = (3) 


with m the L. C. M. of m, and 2, with both s; and ¢; in the range 0, 1, ... 
((p” — 1)/m) — 1. Consider the expression 


Otom —1 


(4) 


kt 


where a = e"*/", and M = mkm/ny + wlm/m,. This may also be 
written as 


0tom —1 


k,l 


2in/me 
> 


where a; = e @ =e Further this may be reduced to* 


al) = DG, jatar, (5) 
t,J 
where 7 ranges independently over 0, 1, ..., m, — 1 and 7 independently 
over 0, 1, ..., m2 — 1, with (, 1) = (R, Dims and 
¥(at", a2") = p", (6) 


with 1, 1, af'a’ 1, since it is known that = p” 


m m m 
under the conditions, 4; — # 0 (mod m); u— # 0 (mod m); and u, — + 
my, Me my, 


m 
uz — # 0 (mod m), which reduce to the former conditions. Now for a: 
Moe 


fixed 4 and j, with 7’ and u, ranging independently over 0, 1, ..., mm — 1, 
and j’ and uw ranging independently over 0, 1, ..., 2 — 1, we have 


Ui, Ue 


for when we carry out the summation on the right with respect to the u's 


every term vanishes except when 7’ = 7(mod m,) and 7’ = j(mod my») 


simultaneously, since at = 0, k # 0 (mod m,) and it equals m for 


k = 0, with a similar result involving a2. Using (4), consider the relation 


ay 7a) 


Carrying out the summation on the right we find that every term vanishes 
except when + = 0 (mod my) and + = 0 (mod mg) simul- 
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taneously, hence the right-hand member reduces to mymz times the ex- 
pression 


a2)W(ar™, az“ )at“as™. (8) 


“1, 


Now as in the proof of Theorem I of NV, we consider the five cases: 


II. = 1, # 
III. a;' #1, = 
IV. as = 1, ay as" 


1, 
V. 1, af 1, 1. 


1 

1. 


For Case I we find that (8) reduces to (p” — 2)*. For Case II, we find 


since ¥(1, as’) = —1 for ay’ ¥ 1, the value >of and similarly for Case 


ur 
Uy 


III. In Case IV, using the relation aj'az’ = 1 as in the proof of (15) of 
d 


(h — k) 2s 
1 


1 
N, we find that the corresponding terms reduce to > a , where 


dis the G. C. D. of m, and mz and m, = sid. 
For Case V we find that the corresponding terms become 


d —1 
0 =1 


Hence summing the terms for Cases I to V, inclusive, gives from 


9=1 #0 
ur # 0 


This relation may be expressed, in terms of rational integers only, as 
follows: 


Set 
mym2(i, j) = V and V(i, 7) = Si 

VG, j +k) = Srif at" 1, 

Vi, 7 + k) = Ssif = 

Vii +h, j) = Seif 

VG +h, j) = Ssif at* = 
VGthj+k) = Seif £1, 
VGthj+tk) = Sif =1, 
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where in each of the above h # 0 (mod m), k # O (mod me). We find 
by the use of (9), 


= (p” — 2)? + m + m + d — 3+ p™((m — 1)(m. — 1) — d + 1) 
= (p” — 1)? — (p” — 1L)(m + me + d) + p"mym, (10) 
and similarly 
S. = (p" — 1)? — (p" — 1)m, (11) 
= (p" — 1)? — (p" — 1)(m + d), (12) 


Ss = (p" — 1)? — (p” — 1m, (13) 


= (p” — 1)? — (p” — 1)(me + d), (14) 
Ss = (p" — 1)’, (15) 


S; = (p" — 1)? — d(p” — 1). (16) 
Hence we have 


THEOREM I. Let (1, j) represent the number of sets s, t satisfying (3) with 
t and j fixed. s in the range 0, 1, ..., my’ — 1, t in the range 0, 1, ..., 
my’ — 1, g being a primitive root of the finite field F(p"), p prime, then the 
relations (10) to (16), inclusive, hold with m, and me divisors of p"” — 1, d the 
G. C.D. of m, and ms, with my, = syd. 

In addition to expressing .S; as the sum of squares in (10) we may obtain 
other expressions from the above theorem involving sums of squares. For 
example we have 

— + = 2S, — (17) 
1,7 


where aj" 1, 

We now consider some other types of quadratic relations between 
numbers of solutions of (1) with the particular case when m1, = mz, = m. 
Let a = e"*’”" and set 


m — 1 


(p, r + Sp). 
p =0 
We shall show how to find an explicit expression for 


m— 


4 = A. 


To effect this we employ the relation (6) and (7a) for m, = my» 
have 
A > a” (r + — p'm (r + sp’ 
(18) 
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where all the quantities involved in the summation on the right range, 
independently over 0, 1, ...,m — 1. The second factor in the right-hand 
member of this can be written in the form 


A= > V(a", a” + spr) + + pe’) 
wipe r (19) 


which reduces to zero unless 


ju + Sup =0 
wi’ + =0 
be + po’ =0 


modulo m, simultaneously. Hence 


A = a" )W(a™, 


which in view of (6), (7), and (7a), and the known values of each y when 
a” = 1, we obtain (A. Hurwitz‘) 


= (p" 4)m’; (20) 


ai, = (p" — + (21) 


m-—1 
r = 0 
r=0 


with s and s — 1 each prime to m, k # 0 (mod m), mm’ = p" — 1. 
From (20) and (21) we obtain 


(a,, + = 2p” (22) 
which gives m? representations (possibly not all different) of 2p” as the sum 
of m squares. Similarly (17) gives analogous representations of various 
types of integers. 

It is easy to see that we may generalize (20) to include the cases when 
s or s — 1 may not be prime to m. 


! These PROCEEDINGS, 33, 236-242 (1947); 34, 62-66 (1948). 

* [bid., 35, 481-487 (1949). However, that paper (which will be referred to as N) 
employs a classification of various equations of the type (1) which we shall use here. 

’ These PROCEEDINGS, 32, 317-319 (1946). Davenport and Hasse, Jour. fiir die 
Mathematik (Crelle), 172, 174 (1935) used an analogous expression involving characters 
and the number of solutions of (2) without the restriction m2. # 0. 

* Jour. fiir dic Mathematik (Crelle), 136, 390 (1909) for n = 1 and m an odd prime. 
The success of Hurwitz’ method appears to depend on the fact that he restricts m in 
this way. His argument is quite long. 
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ON THE USE OF INDETERMINATES IN THE THEORY OF 
EXPONENTIAL SUMS 


By H. S. VANDIVER 
DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS 
Communicated October 31, 1949 


Consider the sum 


wi ind @ + wind (1 — @) 
Wa) = Le (1) 
where a ranges over all the elements of a finite field F(p"), of order p” 
with p an odd prime, «1, wz and uw, + me are integers, none divisible by m, 
a = e'"/™ ind ais given by gi"! * = a, where g is a primitive root of F(p"), 
0, — 1 =0 (mod m). Many relations! have been given 
involving equation (1) but few of these express all that may be inferred 
from the proofs given for them. But to have given the whole story would 
have led to quite complicated formulas in many cases, so to illustrate the 
points we have in mind we start our discussion with some of the simplest 
relations along these lines. 
It is known that 


= (2) 


if each of 41, w2, wi + we # (mod m). If we seek the equivalent of this 
using indeterminates, we note that we can write 


= p" + V(x) F(x), (3) 


where F(x) is the irreducible polynomial of degree ¢(m), the indicator of 
m, with rational integral coefficients which vanishes for all the primitive 
roots of x™ = 1, and V(x) is a polynomial with rational integral coefficients. 
The relation (3) holds since 


— p” (3a) 


vanishes for any root of F(x) = 0 and therefore is a polynomial which is a 
multiple of F(x). Now for m composite F(x) can be quite a complicated 
polynomial. But it is possible* to prove (2) so that the only property of « 
employed is a™-' + a™-* + ... + 1 = 0. Hence we are entitled to 
state in place of equation (3), 


since equation (3a) is a polynomial which vanishes for all the roots, #1, 
of 4+ ++ ... + 1=0. Now we first give a very simple example 


P 

te 

Te 

2 
\ : 
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to show that (4) is more powerful than (3). If we substitute x = 1 in 
equation (3), we obtain, if we let m = ¢,r > 1, g prime 


¥(1)? = p* + qW(1) = p” (mod q), 


whereas if we substitute x = 1 in equation (4), we have x(1)? = p” (mod 

Among the things we can do with such identities as equations (3) and 
(4) is to differentiate them. Starting with equation (3), we have for m=q’, 
differentiating with respect to x, calling A(x) the ordinary derivative of 
each member and setting x = 1 in the result, 


A(1) =qV’(1) (mod gq’). 
The same procedure with equation (4) gives 
A(1) = 0 (mod q’). 


Hence equation (4) has again given us more information than (3). 

The above remarks show that when m is prime the relation (3) is the 
same as (4) so that the use of an indeterminate yields nothing more than 
we obtain from equation (3). 

The form (1) is an expression associated with cyclotomy but the writer 
has noted that many other types of exponential sums, apparently not 
related to this topic, have been considered by various writers and results 
derived concerning them with the use of the single property 


if mth roots of unity are employed. Hence our observations will apply to 
these latter types also. On the other hand, such questions as the factori- 
zation into ideals of (¥(a)) makes use of the fact that the degree of the 
field is ¢(m), the indicator of m, so that we may expect nothing new, by the 
use of our methods, along this line. 

Before proceeding to the proof of some more general results we shall ex- 
plain the idea of formal exponential differentiation? which we wish to em- 
ploy. We first consider a polynomial f(x) in x with coefficients in R, 
where R is the ring of integers in A(y, «) an algebraic field including a, 
or considering x as an integral transcendental adjunction, we consider 
a quantity in R[x]. We first find the ordinary derivative f’(x) of f(x) 
and then multiply by x defining the formal exponential derivative, with 
respect to x, as xf’(x). We may prove easily the relation, if A and B are 
in R[x], 


DAB) = (") D(A)Dy-«B). (5) 


We employ as a definition 


| 

| 
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GD(F) — FD(G 
G CG 
where F and G are in R[x]. 
We now prove 
THEOREM I. Let a = e 


TS) = ON + 


ond 


where the 0's are in the ring R of integers in Ky, a], an algebraic field including 
a. Suppose that f(x) = 0 for x = a, a’, ..., x"! and g(x) ts another 
polynomial in R[x], assuming the ideal (g(a“), m) = (1) in R with u an integer 
such that if a“* = 1, then k contains at least two distinct prime factors. Then 


] == 0 (mod m). (7) 
g(x)/ = au 


In the above, D, means that the fraction f(x)/g(x) is differentiated s 
times using formal exponential differentiation. For the proof we have 
since f(x) vanishes for x = a, a’, ..., a", 


f(x) = —— V@), 
x 1 


with V(x) in R[x] and 


f(x) x™— 1 VQ) 
g(x) x — g(x) 


Using equation (5) we have 


We note also that fori < ¢ 
Di (x™ — 1) = 
which for x = a“ reduces to an integer divisible by m, as well as 
[x™ — = 0. 


Also if we express, after employing equation (6), 


as a simple fraction in its lowest terms, the denominator is a power of 
x — 1. When we substitute « = a in (x — 1)* we obtain a unit* in 
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K(y, a) by the hypothesis concerning a“. Now examine 


DJ 
(x) 


and differentiate it as the product of V(x) and (g(x))~! as in equation (9) 
The result may be expressed as a simple fraction whose denominator} is a 
power of g(x), and by the hypothesis concerning g(x) given in our theorem 
the left-hand member of equation (7) may be reduced to a fraction of the 
form 


8 


with wand Bin Rand w =0 (mod m), (8,m) = (1). This proves relation 
(7). 

In applying Theorem I it is clear that f(x) does not have to be given 
explicitly as a polynomial; we may, for example, work with f(x) expressed 
as a product of polynomials.® 


We do not have 
== 0 (mod m) 
1 


for all values of ¢, but we may extend Theorem I to include x = 1, under 
a certain assumption concerning f(1). For in equation (1) let, if 1; is in 
R[x], 


V(x) = (x — + 4, 


where 6 is in R. Substitution in equation (1) gives 


| 
f(x) = — 1)Vi(x) + 6 


Assume f(1) = 0 (mod m*) we obtain by setting x = 1, 
f(1) =0 = 6m (mod m?), 
or 6 = mr, with rin R. It is then easy to see that Theorem I is also true 
if a* is replaced by unity if we add the assumption 
= 0 (mod m?*). 
For other cases which do not come under the assumption of Theorem I, 


we note that if we have m = 1a prime and f(x) = 0 for a, a’, ..., a, 
then 


foe) 1 Vee) 
g(x) x — g(x)’ 


° 
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We have the identical congruence 
... +271 = (x — (mod J), 
whence, employing equation (5) 
xt + = (x — 1)—h(x) (mod 


for some h(x) in R[x] and this shows that for 7 < / — 1 and the restriction 
on g(x) given in Theorem I we have 


E =0 (mod (10) 
(x)/ 


where \ = (1 — a). 


1Cf. for example for n = 1, Bachmann, P., Die Lehre von der Kreisteilung, ed. 2, 
Leipzig and Berlin, Teubner (1921), pp. 88-93, 122-150; Weber, H., Lehrbuch der 
Algebra, Braunschweig, Vieweg, (1895), ed. 1, vol. 1, 564-574, vol. 2, 632-638; for n 
general, Mitchell, H. H., Trans. Am. Math. Soc., 17, 167 (1916), Ann. Math. II, 18, 
120 (1917); Davenport, H., and Hasse, H., J. f. Math. (Crelle), 172, 152-154 (1935) 
and other references in the Report of the Committee on Algebraic Numbers, National 
Research Council, Bull. Nat. Research Council, U. S., pt. 3, No. 28, 50-53, Washington 
(1923). 

2 Mitchell, H. H., loc. cit., first reference. 

3 These PROCEEDINGS, 28, 24-27 (1942). 

4 Hilbert, D., Gesammelte Abhandlungen Bd. 1, Berlin, Springer (1932), pp. 199, 203. 

5 If J is an odd prime dividing m then the method of introducing an indeterminate and 
obtaining congruences, modulo /, from relations involving exponential sums has been 
employed in various connections. For example, Kummer proceeded in this way in 
obtaining the so-called Kummer criteria for the solution of 


in integers (cf. Vandiver, Ann. Math. II, 21, 73-78 (1919) for a proof in modern form). 
Further (these PROCEEDINGS, 34, 197-203 (1948)) such devices were employed by the 
writer to obtain congruences involving the /th power character 


(5+) = (1 — p), 


where a = e!*/™, m = 0 (mod 1), p is a prime ideal in K(a), and N(p) is the norm of p. 
Also the writer, Trans. Am. Math. Soc., 32, 401 (1929), lemma II, used similar methods 
when m = 7 to find an explicit expression for 


when p is any prime ideal in K(a). 
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SOME RECENT APPROACHES TO THE EXPERIMENTAL STUDY 
OF HUMAN FATIGUE : 


By LEONARD CARMICHAEL, JOHN L. KENNEDY AND LEONARD C. MEAD 


Turts COLLEGE, MEDFORD, MASSACHUSETTS 
Read before the Academy, October 25, 1949 


More than a quarter of a century ago it was proposed that the word 
fatigue be banished from the vocabulary of science.’ As the title of this 
paper attests, this sentence of expulsion has never been enforced. The 
reason that the concept of fatigue retains its place in scientific writing is 
not hard to seek. Everyone personally feels that he knows what it is to 
be tired or fatigued. But in spite of this common-sense understanding, a 
rigorous definition acceptable to all workers in this field has never been 
devised. Sometimes today the word fatigue is used to apply to subjective 
feelings. More often it is used to describe objectively measurable changes 
in behavior or in underlying physiological mechanisms which follow con- 
tinued activity. 

Most scientists who have not themselves studied fatigue probably think 
of it in relation to characteristic work curves. These textbook curves 
ordinarily show with continued work a gradual decrement, as developed 
in the classical work of Mosso’ with the ergograph. Unfortunately a 
transfer of the idea of this continuous work decrement to an understanding 
of the behavior of the total living organism in normal life situations is often 
most misleading. 

The first of the experimental approaches to the study of fatigue in the 
normal adult human individual to which we wish to make brief reference 
in this paper is an experiment conducted by Carmichael, Dearborn, Hoff- 
man and their associates on the continuous recording of the eye movements 
during long periods of continuous reading.' 

The most important conclusion drawn from these experiments is that 
if subjects are sufficiently highly motivated they can continue to read 
with undiminished comprehension for six hours. During this whole period 
also there was no statistically significant change in any detail of the many 
movements of the eyes which are required in reading. It should be noted 
that while these reading experiments seemed to show clearly that 40 
subjects could read for six hours without a work decrement, a less highly 
motivated group of subjects in a previous experiment had begun to show 
lapses in continuous reading in a four-hour period of work. 

Other experiments may now be mentioned which were conducted several 
years ago under a National Defense Research Committee contract under 
the direction of Mead.* %%1!!~ The general purpose of these stud- 
ies was to determine the conditions under which a decrement in be- 
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havior could be measured in subjects performing certain military jobs. 
The typical performances studied were stereoscopic ranging and eye-hand 
tracking. Measurements of other types of performance were also included. 
The usual precautions which are maintained in modern fatigue research 
were observed, including the conduct of preliminary practice sessions 
prior to the experiment proper so given as to eliminate improvement 
through learning. 

Four subjects were required to follow a 74-hour schedule broken as 
follows: 42 hours on duty, which consisted of visual lookout, stereoranging 
or tracking; 16 hours sleeping; S hours eating; and 8 hours at liberty.'! 
The periods during which these activities were engaged in were irregular. 
The stressful feature of this experiment was the ‘rregularity and unpre- 
dictability of routines. The results showed no consistent decrement in 
visual lookout performance (number of target lights reported), in stereo- 
precision or stereoconsistency scores, or in tracking. 

Despite these objective indications of lack of fatigue, the observers 
complained of increasing feelings of fatigue as the test progressed, par- 
ticularly during the last duty period from 4:00 a. M. to 12:00 noon after 
2' , hours’ sleep. Some social discord between subjects was noted. 

Another experiment intended to induce a greater amount of physiolog- 
ical fatigue was arranged.'* In this experiment subjects began work at 
2:00 p. M. Friday and action was continued without sleep through 
11:00 A.M. the following Sunday. Sets of visual ranging and tracking 
tests were again given intermittently during this period as in the previous 
test. In order to sustain interest in good stereoperformance during the 
trials, bonuses of 40 cents were paid on the first four trials if any precision 
score was better than that obtained during preliminary practice. During 
the subsequent nine sets of experimental trials, a bonus was paid if a score 
was better than that obtained during the first four experimental trials. 
The objective measures of fatigue were comparisons of performances 
during the first and the last 24 hours. Other observations and records 
that were taken during the course of the experiment were eye movements 
during ranging and tracking, accuracy and time to complete multiplication 
problems, reading rate and comprehension, and hand steadiness. An 
attempt was made to measure changes in group morale by observing 
behavior during card games scheduled at three stages of the three-day 
period. As in the previous experiments reported here, objective evidences 
of fatigue were negative in these tests. Stereoprecision and consistency 
scores during the first and last 24 hours showed no statistically significant 
differences. Tracking accuracy actually increased as the test progressed. 
This finding may perhaps be attributed to insufficient pre-test practice. 
Eve movement records and the speed and accuracy of multiplication 
showed no significant change. Hand steadiness increased during the first 
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28 hours and then remained constant. Reading speed showed a drop on 
the last two tests on Sunday morning, but reading comprehension main- 
tained a constant level throughout. Activity, talkativeness and socia- 
bility declined during the first 24 hours. The second card game on Satur- 
day afternoon was done quietly and without much interest. Social com- 
munication dwindled still more after this second game. A game scheduled 
for Sunday morning was cancelled because the subjects seemed so un- 
responsive. No important indications of irritability or discontent were 
observed. Toward the end of the experiment conversation, when it oc- 
curred, was centered on how, when and how long the subjects were going 
to sleep when the experiment was over. These appearances of sluggishness 
tended to disappear during meals and during the taking of the various 
tests. Again it was nctable that no performance decrement was apparent 
in behavior which was objectively measured even after such long periods 
of sleep deprivation. 

In another study an additional attempt was made to induce objective 
and measurable signs of fatigue by increasing the duress of the experi- 
mental conditions.'* Ten male subjects were now not only required to 
undergo a sleep deficit but also to carry out protracted physical exercise. 
The test battery consisted of the following measures: (1) mean and 
standard deviation scores of stereorange settings, (2) differential brightness 
matching, (3) complex visual reaction time, (4) the average time per minute 
when the tracking error exceeded an arbitrary value, (5) the number of 
words correctly crossed out in a persistence test. This latter test con- 
sisted of crossing out all words containing both an ‘‘a’’ and a “‘t’”’ on pages 
of Spanish, printed solid. There were 30 pages of Spanish in all and the 
subject worked for three minutes on each page for a total of 90 minutes. 
Bonus payments were again made for exceptional performance. A week’s 
preliminary practice was given on all tests except the persistence test. 
The pre-test baseline for the persistence test occurred on the evening before 
the experiment proper began. The visual tests were now administered 
before and after three 10-mile walks so that the subjects took the tests 
four times and walked a total of 30 miles. 

With respect to stereoscopic ranging, eye-hand tracking, differential 
brightness discrimination, and complex visual reaction time, no statis- 
tically significant difference between behavior when starting the tests and 
after sleeplessness and exercise was found. A statistically significant 
decrement was found in the persistence tests before and after the long 
hike. The performance on this test after the exercise was superior at the 
outset of the 90-minute work period to that found before the exercise. In 
other words, the subjects were physically capable of performing this 
monotonous task after exercise but were either unable or unwilling to exert 
themselves to maintain this level of performance. Toward the end of the 
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experiment and after the 30-mile walk the subjects almost literally 
“drooped” in the laboratory. Yet on the four different visual tests they 
pulled themselves together for the time required to make the necessary 
responses so that their performance was still in general as satisfactory as 
at first. 

These experiments so far seem to suggest that a performance decrement 
is unlikely to be demonstrated on tasks which require discrete and short- 
time periods for their execution.'* In all these experiments, including a 
comparison of the two reading experiments noted above, it seems that 
decrement in performance should be looked for with respect to an indi- 
vidual’s interest, willingness, effort or motivation to perform a given 
task. If the task is continuous and of long duration, it is likely that the 
first existence of a physiological work decrement will be found in a decline 
in the subject's desire to make himself do the task especially for long- 
continued periods of time. 

Another experiment was conducted to test the generalizations just 
made.** In this study a central eye-hand pursuit task had to be per- 
formed continuously while attention and occasional response had to be 
given simultaneously to a number of peripheral subtasks. The time for 
correctly performing any one of these tasks was recorded on separate clocks. 
Whenever either the central task or one of the subtasks was not performed 
adequately, the moving target would stop its motion. The total time to 
complete this complex task was the main criterion of performance. 

Nine male college students took this test periodically throughout a three- 
day period in which they were deprived of sleep. Measurements of stereo- 
ranging were also taken at intervals during the three days. Monetary 
bonuses were again used to keep motivation high. The total-time scores 
required to complete the complex task showed a significant decrement 
between the first and third days. But, as expected, no deficit in stereo- 
ranging was found. 

These results support the conclusion of the previous experiments, 
namely, that performance decrements due to physiological stress may be 
expected to occur in tasks which require continuous and prolonged effort. 
The fact that a decrement did occur in performing the complex task after 
the loss of 50 hours of sleep raises the interesting question as to whether 
the decline was due to actual physiological incapacity or to a breakdown of 
the willingness of the subjects to expend effort to keep the performance up 
to standard. 

Because of the importance of ‘motivation’ in these experiments and 
for other reasons, Kennedy, Travis and their associates developed 
a sensitive measure of muscle tonus which could be recorded con- 
tinuously.* &* !° They were interested in discovering whether or not 
this measure might be a valid indicator of drowsiness or loss of motivation 
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or lapses in alertness; that is, they were attempting to find a physiological 
process of which records could be made and which would parallel the 
fluctuations in a continuous performance, previously noted in this paper 
as characterizing the onset of fatigue as measured in the behavior of the 
total organism during long-continued periods of activity. 

Muscle fibers when they contract produce characteristic potential 
changes. After much exploration it was found that if electrodes were 
placed on the skin over the frontalis muscle just above the eyebrows rec- 
ords could be secured that were significantly related to the alertness of the 
subjects studied. 

A 4-chann¢i electroencephalograph, with associated pre-amplifiers and 
power amplifiers, electronic counters, a voltage discriminator for counting 
spikes above a given amplitude, and an integrator or accumulator for con- 
tinuously integrating the output from the muscle each second, was as- 
sembled. 

This device has now been made in a portable form and tested in sub- 
marines, trucks and aircraft. In general, the results secured with this 
alertness indicator indicate that there is a definite quantitative relationship 
between the electric output of the chosen muscle group and the level of 
alertness of the subject. The highest alertness is associated with maximal 
muscle potential output and this output fluctuates in relation to the state 
of the subject until the lowest output in sleep is secured. 

In conclusion then it may be said of the experiments briefly summarized 
here that they agree in the showing that so-called ‘‘fatigue”’ as it presents 
itself in the performance of the total normal adult human being has certain 
special characteristics. When the task required is not beyond the subject’s 
normal ability, but when it is continued for a long time, the change in per- 
formance first noted is in apparently involuntary lapses in an otherwise 
continuous and effective performance. As such continuous and monoto- 
nous tasks go on there seems to be a conflict between motivation, or the desire 
to continue, and level of performance. When the subject sets himself to 
carry out a skilled performance after even a long period of interpolated 
physical work he is typically able to perform as well as in a rested state. 
In general, however, as time without rest progresses the number and dura- 
tion of lapses increase until in a typical case sleep ensues. The pattern of 
human fatigue as given in these experiments is thus seen to be one of 
periodic blocks or interruptions in performance of varying frequency and 
duration rather than the continuous decrement as shown in the work curves 
secured in the study of isolated muscle groups. 

1 Carmichael, L., and Dearborn, W. F., Reading and Visual Fatigue, Boston, 
Houghton Mifflin Co., 1947. 

2 Clark, R. E., and others, ‘‘The Effects of Sleep Loss on Performance of a Complex 
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ON THE INTERPRETATION OF MULTI-HIT SURVIVAL 
CURVES* 


By K. C. Atwoop AND A. NoRMANt 
DEPARTMENT OF ZOOLOGY, COLUMBIA UNIVERSITY 
Communicated by E. N. Harvey, September 7, 1949 


Introduction.—Survival curves, which comprise a large proportion of the 
data on the effects of radiation on microorganisms, generally fall into two 
categories: the exponential or single-hit and the sigmoid or multi-hit. It 
is unfortunate that in the interpretation of such data few criteria have 
been available other than the form of the curves themselves, but this alone 
has provided sufficient grounds for speculation on some properties of the 
organisms. Exponential survival can be explained either on the basis of a 
single hit to kill’ * or a population distributed exponentially with respect 
to resistance to radiation.* Several considerations which make the single- 
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hit hypothesis seem the more plausible have been pointed out.” * Lea® 
further proposed that lethal mutation might account for the bactericidal 
effects of radiation, a notion which arises naturally from the finding of 
single-hit gene mutations in higher organisms, but which has been neither 
supported nor disproved by experiment. Curves of the sigmoid type may 
be interpreted in a similar variety of ways. If the distribution hypothesis 
is rejected, the number of hits, m, required to produce some criterion of 
inviability can be estimated from the shape of the curve. On this basis, 
the values of » for different types of radiation on the same material can 
be compared, or some biological situation can be examined which may be 
expected to alter 2.7 

Theoretical Any determination of » rests ultimately upon some 
assumption about the way in which the sublethal hits are accumulated. 
The hypotheses proposed to describe multi-hit curves reduce to two which 
differ in this basic assumption. The first and most often used of these ~ 
may be derived as follows: Let D be the average number of hits occurring 
within a unit volume, and let a be the sensitive volume of the organism. 
Then aD is the average number of hits within the sensitive volume a. If 
the hits occur independently and at random, the probability that X hits 
fall within the volume a is given by: 


(aD)* 


X! (2), 


Px) = 
If » hits within a are required to kill an organism, then all those having 
less than » hits survive and the probability of survival is: 


X 
aD (aD) 
x 0 Xx! 


S=e (2) 

The assumption implicit in equation (2) is that the presence of one or 
more hits within the sensitive volume has no influence on the probability 
of obtaining further effective hits. 

Since the second multi-hit hypothesis follows directly from the single-hit 
hypothesis, the latter will be briefly reiterated. Let V be the number of 
organisms surviving a dose, D, of radiation. Let No be the corresponding 
number at D = 0 and let k be a constant independent of D. Then a 
single-hit curve is defined by: 


dN = 
dD 


kN (3) 


which integrated is 


) 


N = 


\ 
| 
‘ 
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and the surviving fraction is 


N 
S=— =e *?, 5 
(5) 
From equation (5) it is seen that a plot of log fraction surviving against 
dose is a straight line of slope —k.”° 
Now consider a population of organisms each of which contains m units 
such that the units are inactivated according to equation (5) and the 
presence of one or more viable units insures the viability of the organism. 
The probability that all the units in such a group of m become inactivated 
is: 
Pu = (1 — (6) 
Then the proportion of organisms surviving is: 
(7) 


The assumption here is not simply that m hits per organism are required, 
but that each of m particles within the organism must be hit at least once. 
It is evident that equation (7) may also be derived as a special case of 
equation (2). Expressions (2) and (7) describe curves of the same general 
form, and for low dose and high values of m where terms of the order of 
(kD)"/n! can be ignored, they become identical. It is impossible in most 
cases to decide from experimental data which equation should be used 
as a working model. Nevertheless, the choice is important because it is 
possible for numerical values of m obtained from one experiment to differ 
by an order of magnitude, depending upon which hypothesis is chosen. 
As will be seen later in this paper, there are additional criteria which 
point to expression (7), or some development thereof to cover additional 
assumptions, as the more reasonable in the interpretation of multi-hit 
curves. 

The use of equation (2) and its extension to more complex cases has been 
discussed at length elsewhere,® ' hence we confine ourselves to exploring 
some features of equation (7). 

Expanding equation (7): 


—2kD —3kD 


It is seen that as D increases, the terms containing e e 
etc., become negligible in comparison to ne~*. Thus, at high dose: 


log S = log nm — kD. (9) 


Extrapolating equation (9) to D = 0 gives n (Fig. 1). Having obtained 
values for m and k we should be able to reconstruct the convex portion of 
the curve from equation (7) and show that the reconstruction fits the experi- 
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FIGURE 2 


Ordinate, S for lower curves, 
g for upper curves. Abscissa, 
dose in arbitrary units. Lower 
curves: Solid line is theoretical 
curve for S = 1 — (1 — e~*?)" 
where » = 4 and k = 0.48. 
Broken line same, but m has the 
distribution: 7% 1, 15% 2, 
20% 3, 21% 4, 16% 5, 11% 6, 
7% 7 and 3% 8, which averages 
4. Upper curves: Triangles are 

Ordinate, survival. Abscissa, dose in points computed from solid line 
arbitrary units. Theoretical curves for S = curve by formula: g = —In 
1 — (1 — e-*)",k = 1. From left to right S). Squares are points 
n is 1, 3, 5, 8, 20 and 100. Linear portions computed 
of the curves are extrapolated to D = 0. line curve. The g plot for dis- 
tributed m is linear at higher 
survival than for constant n. 


FIGURE 1 
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mental data in this region if equation (7) holds. However, while the 
basic assumption from which equation (7) is derived may hold, equation 
(7) may not be sufficient to describe experimental data because of at least 
two additional eventualities which seem, a priort, likely to be encountered. 
First, m may not be a fixed number when D = 0, but instead m might have 
some distribution in the population. Second, more than one process 
might be simultaneously occurring within eacb organism, each process 
having its own value of nm and k. In other words, there might be several 
classes of sensitive units with the presence of at least one viable member 
of each class necessary for survival. 
In the case of a population distributed for n, equation (7) becomes: 


S=1-— — + — + G1 — ™)™), 
(10) 


where C; + C2 + ... + C, = 1 and C; represents the fraction of the 
population having m; units. For high dose, as in equation (8), (1 — 
e With this substitution, equation (10) becomes: 


= e + Com: + ... + Cn). (11) 


log S = —kD + log } Cn, = log n — kD (12) 
i=1 


where n = i Cm; is the ordinary arithmetical average. Thus extra- 


polation to D = 0 of the linear portion of equation (10) on a semi-log plot 
gives the average value of m for the distribution present at D = 0. 

The shape of the curve will be changed according to the type of dis- 
tribution, since the presence of fractions of the population having values of 
n below the average value will cause the curve to fall off more rapidly than 
it would when » is a constant (Fig. 2, lower curves). Such changes are 
difficult to interpret by inspection or curve fitting, but can be perceived 
more easily from a semi-log plot of —In(1 — SS) against dose (Fig. 2, 
upper curves). The use of this device is justified as follows: 

From equation (5), let p = e “*? be the probability that a unit (within 
an organism) survives. Let P be the probability that m units survive 
within an organism containing a total of m units. Then: 


Pinel) p' (1 p)"~' (13) 
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As D becomes large, p approaches 0 and, 


Pim=i) i! (14) 


g = np = ne". (15) 


The probability that an organism is killed is the probability that no units 

survive, and where equation (14) holds is: 
(16) 

Thus e~‘ is equated to the fraction of organisms killed, and from experi- 
mental data and equation (16) we can solve for g, which is the expected 
number of surviving units per organism. Then, from equation (15), when 
D is large: 


log g = log n — kD. (17) 


Again extrapolating to D = 0 we reach log n. Note that equation 
(17) has the same form as equation (9), and that the extrapolated line in 
both cases represents the theoretical survival curve of the units as a func- 
tion of dose. But log g will have a linear relation to dose wherever ap- 
proximation (14) holds, and expression (14) states that the surviv- 
ing units have a Poisson distribution among the organisms. Thus, if 
the initial distribution of n (where D = (0) resembles more or less a Poisson 
distribution, then log g versus D will continue to be more or less linear 
into the low dose range. If, at D = 0, n is a constant as in equation (7), 
log g will have spurious values at low doses (Fig. 2, top curve). Inter- 
mediate initial distributions will give values of g between these two ex- 
tremes. 

Now suppose that there are two classes of sensitive units with / of one 
sort and ” of another within the same organism, and that the inactivation 
of all of either class kills the organism. Let P(A) be the probability that 
an organism survives process A affecting the class of units of number / 
and P(B) be the probability that an organism survives process B affecting 
the class of units of number ». Then the probability that an organism 
survives is the probability that it survives both processes, 


P(AB) = P(A)P(B), (18) 
if the two processes are independent. From equation (16): 


P(A) = 1-e*% =1-e (19) 


and, 
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P(B) = 1-e 


Thus, 


P(AB) = (1 — = 1 — tm 
(20) 


If n > 1, then at low dose P(B) & 1 and P(AB) & P(A), and P(A) 
will approximate 1 — e~*' more or less well, depending on the initial 
distribution of the units of average number /, and on the dose reached 
before P(B) becomes noticeably less than 1. When a sufficiently high dose 
is reached, expression (20) holds. 

Where S = P(AB) is the survival of both processes, and g = —In(1 — S), 
the plot of log g versus D forms two lines (Fig. 3, middle curve). The 
first line represents the process prevailing in the low dose region, approaches 
a slope of —&, and if this slope is reached, extrapolates to ] at D = 0. 
The second line represents the combined processes, approaches a slope of 
—(ki + ke) and extrapolates to /n at D = 0. The extension to more 
than two processes is obvious. It is also evident that in practice, the 
possibility of inferring two or more processes is dependent on the relative 
values of n, 1, ki, ke, etc. The presence of an inflection point in the g curve 
(as in Fig. 3, lower curve) will, however, in general indicate more than one 
process even though the process affecting the class of units of lowest num- 
ber may not have proceeded far enough to validate equation (17) before 
it is masked by the next process. 

Let us now consider the multi-process case likely to be encountered if 
the effect of radiation is predominantly on the genetic apparatus of organ- 
isms in which the genetic material is present in more than one set. Let 
n be the number of sets of genes, each set consisting of m genes, or each 
set being of such length as to include m deficiencies of average length. 
From equations (18) and (7): 


(1 — (1.— (21) 
=1 


In particular, where ki = ky = ... = Rk» = k, i.e., where all genes or 
regions have the same sensitivity: 


At high dose, by the usual approximation, 
Sa (23) 


and extrapolation to D = 0 of the linear portion of log S, whose slope is 
—mk, gives the value log (n)”. 
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The above may be summarized 
as follows: 

(a) For curves of the form of 
equations (7) or (10) a semi-log plot 
of S versus D is a curve approach- 
ing a line of slope —k as D increases. 

(6b) Extrapolation of the linear 
portion of such a curve to D = 0 
gives n. 

(c) IfatD =0, n has a distri- 
bution, then extrapolation as above 
gives the average value of n. 

(d) The shape of the curve is 
altered by such a distribution and 
also by the eventuality that killing 
by two or more independent proc- 
esses occurs. 

(e) A multi-process effect changes 
the slope of the linear portion of the 
curve and changes the meaning of 
its intercept at D = 0. The pres- 
ence of these complications is more 
evident on inspection if g = — In- 
(1 — S) is plotted instead of S." 

Experimental._-To show how the 
theory yields a reasonable result 
when applied to experimental data 
and how the g plot facilitates inter- 
pretation some data on ultra-violet 
irradiation of Neurospora crassa 
macroconidia will be presented (to 
be reported in greater detail else- 
where). Since the macroconidia are 
known to be multi-nucleate, equa- 
tion (21) will hold at least with 
respect to processes occurring within 
the nuclei. 

The ultra-violet source was a 
30-inch Westinghouse sterilamp low- 
pressure mercury vapor tube stated 
to deliver 85 per cent of its energy in 
the 2537 A. region. Suspensions 
containing ca. 200,000 conidia per 
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FIGURE 3 


Ordinate, S for upper curve, g for lower 
curves. Middle curve has been moved 
down one decade and lowest curve two 
decade. Abscissa, dose in arbitrary 
units. Upper curve: Theoretical curve 
for simultaneous survival of two processes, 
one with k = 0.43 and the distribution of 
n given in Fig. 2, and the other having 
k = 1landn = 100. Middle curve: g 
computed from upper curve. Lower 
curve: g computed from theoretical sur- 
vival of two processes, one having k = 
0.43 and n = 3 (constant), and the other 
having k = l and » = 100. 
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cubic centimeter in 0.9 per cent saline were exposed in an open petri plate 
at a distance of 15cm. from the center of the tube. The plate was tilted 
at an angle of 15° from the horizontal and slowly rotated throughout ex- 
posure. The average depth of suspension was 5 mm. 


1 


T 
30 930 
FIGURE 4 


Ordinate, S for upper curve, g for lower curve. Lower 
curve moved down one decade. Abscissa, seconds of ex- 
posure to ultra-violet light under conditions given in 
text. Upper curve: Survival of macroconidia of 
Neurospora crassa heterokaryon (1633-422) A-(5531 
4637)A. Lower curve: g, computed from experimen- 
tal points. 

The strain used was a heterokaryon having as one component the double 
mutant aminobenzoicless-morphological, (1633-422)A, and the other the 
double mutant pantothenicless-albino (5531-4637)A. This gives normal 
growth and produces macroconidia on minimal medium. The criterion 


| 
' 
/ 
| 
a 
4 | v 
o 
+ 
\ 
~ 120 160 
Aq 
4 


VoL. 35, 1949 ZOOLOGY: ATWOOD AND NORMAN 705 


of viability was the ability to form a visible colony in a sorbose medium.’ 
Plates were incubated at 37° in darkness for five days. All handling of 
irradiated suspensions was done by the light of red photographic safe- 
lights to prevent photoreactivation.'’ 

Table 1 shows the survival relative to exposure time in seconds and the 
corresponding values of g. Figure 4 shows the semi-log plot of S and g. 

We note from the g plot in figure 4 that the conidia seem to be killed by 
more than one process, the low dose portion having an intercept at 4. 
Subsequently, the intercept assumes a minimum value of ca. 130. Fur- 
ther, since the values of g form nearly a straight line at low dose, 
we conclude that 4 is an average value for the number of some sensitive 
unit present in the conidia at D = 0. 

Figure 5 shows the distribution of nuclei in the conidia of the stock used 
in this experiment, as determined by counts done on preparations fixed 
and stained by a modification of Robinow’s technique.‘ The average is 
2.67 nuclei per conidium. If the killing at low dose is related to the 
number of nuclei present, then 1.5 hits per nucleus are required to agree 

TABLE I 
Tue SurvivaL or MacroconipiA Exposep To LIGHT 
Time, 
seconds 1-S 
30 0.84 0.16 1.8 
60 0.59 0.41 0.89 
90 0.31 0.69 0.37 
120 0.088 0.912 0.092 
150 0.016 0.984 0.016 
180 0.0027 0.9973 0.0027 


with n = 4. Independent findings of Goodgal’ and Giles'® using micro- 
conidia known to be uninucleate show that these have a 1.5 hit curve 
with ultra-violet. Thus, it seems probable that the 4-hit component found 
here is related to the number of nuclei in the macroconidia. 

This relationship must mean that there is some region in each nucleus 
which is especially sensitive and is responsible for practically all the effect 
at low dose. If the entire curve is interpreted according to equation (21) 
we would conclude that at higher doses additional less sensitive regions 
begin to contribute to the effect. An alternative interpretation based 
on equation (20) is that there is a very sensitive region as above, but that 
there is another single independent process involving ca. 30 units of greater 
sensitivity, and not necessarily related to the nuclei. Obviously, further 
criteria are necessary to distinguish between these possibilities. The 
reason for the finding of a 1.5-hit curve for uninucleate conidia is not yet 
clear. 

Discussion.The reasons for preferring the single-unit action inter- 
pretation of exponential curves have been discussed by Lea, Haines and 
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Coulson.? Since the theory presented here is based on the assumption 
that organisms contain units which themselves are inactivated exponen- 
tially, the arguments advanced by Lea, et al., in favor of the single-unit 
action interpretation are again applicable. If we accept these, then the 
question of whether the theory is reasonable will depend on our reasons for 
believing that microorganisms showing multi-hit survival contain a num- 
ber of discrete units rather than a target requiring a certain number of hits. 


9 


PER CENT OF CONIDIA 
N 
9 


2 3 4 
NUMBER OF NUCLE! 


FIGURE 5 


Distribution of nuclei in conidia of stock used in Fig. 4; 2134 conidia 
were scored. 


In the special cases we have found where equation (7) has been used pre- 
viously, the reasons for preferring it to equation (2) are obvious: One of 
these cases is an explanation of spurious multi-hit curves due to clumping 
of bacteria? and the other is the experiment of Luria and Latarjet 
designed to follow the increase in numbers of intracellular bacterio- 
phage by means of the survival curves of the infective centers.’? Equa- 
tion (22) has recently been given by Luria and Dulbecco" in the estimation 
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of the number of genetic units in a phage particle. In other cases where 
values of n are reported (see review by Zimmer"), they have apparently 
been obtained by fitting the experimental data to theoretical curves pre- 
pared from equation (2). 

A strong argument for the more general use of equation (21) as a working 
hypothesis is the repeated demonstration in various microorganisms of 
genetic mechanisms comparable to those in higher organisms. It is evi- 
dent that organisms in which the genetic material is duplicated in some 
way, as by diploidy, polyploidy or multi-nucleatedness, may be expected 
to give multi-hit curves, and these should be of type (21), but not type 
(2), in so far as the effects of radiation on the genetic apparatus affect 
viability. In general, where lethality is due to the exhaustive inactivation 
of groups of identical essential parts, equation (2) must be rejected. 

In the case of a large number, m, of identical units any n < m of which 
are indispensible, the probability of obtaining an effective hit would not 
be decreased significantly even when » — 1 of the units had already been 
altered. This satisfies the requirements of equation (2). However, it 
seems unlikely that an organism could be killed by a process which is so 
far from exhaustive. 

There are further considerations which make equation (2) seem un- 
tenable even when biological criteria are lacking. This becomes clear 
when we try to think of the observed biological effects in terms of under- 
lying molecular transformations. Assume that a dose, D, has a proba- 
bility, p, of changing one of m molecules. Subsequently, an identical dose 
will have a probability less than p of causing the same change in one of the 
n — 1 remaining unaffected molecules. This is true regardless of whether 
the transformation of the molecule results from the absorption of a quantum 
directly (since the probability of such an absorption is proportional to the 
number of molecules present) or whether the transformation is the end 
result of a series of chemical reactions, since the probability of occurrence 
of the reaction which involves the essential molecule is also proportional to 
the number of such molecules present. 

This situation is contrary to the assumption underlying equation (2). 
In attempting to construct models consistent with the assumptions under- 
lying equation (2) we encounter serious difficulties. For example, a model 
based on a molecule requiring the absorption of m quanta before it is 
transformed is objectionable because it implies an unheard of stability of 
the intermediate excited states, and also leads to intensity dependence. 
In short, the existence of such a molecule seems contrary to established 
photochemical principles. 

It should be emphasized that equation (7) does not imply any necessity 
for regarding the units as targets upon which a hit must be scored directly, 
since the units themselves would show exponential survival regardless of 
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whether the action is direct or indirect.° Thus, with radiations giving 
different ion-densities any differences in the survival curves which are 
found to be inconsistent with target geometry do not invalidate equation 
(7) or its corollaries as a model for multi-hit curves. The finding of 
lowered values of m with radiations of high ion density!’ is consistent 
with the theory whether or not there is significant indirect effect. With 
direct effect, this would be due to the increased probability of an ionizing 
particle traversing more than one unit, and since ionizations produced 
between the units would be ineffective, there would be a concomitant 
decrease in k. With indirect effect, 2 would also decrease with increasing 
ion density if each ionizing particle produced sufficient ionizations to in- 
activate more than one unit, but here no change in k would be expected 
since each ionization would have an equal chance of being effective. In 
situations described by equation (21) an increase in m might be found 
with high energy radiations due to the equalizing of sensitivity between 
the various regions or genes involved. As an isolated effect this would 
increase the over-all value of k. However, as we can hardly expect any 
of these effects to be observed in pure form, it seems most reasonable in 
comparing multi-hit curves with different types of radiation to consider 
the differences in terms of a balance between the various factors tending 
to shift the parameters n, m and k. 

Summary.—It is proposed that sigmoid survival curves can be inter- 
preted profitably on a multi-unit, single hit per unit hypothesis, and some 
consequences of this hypothesis are examined. An aid to the analysis of 
experimental data is given and its use is illustrated. Reasons are given 
for preferring the multi-unit hypothesis to the usual multi-hit hypothesis. 
Some data on the ultra-violet irradiation of Neurospora crassa conidia 
are analyzed. 
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ATYPICAL PIGMENT-CELL DIFFERENTIATION IN 
EMBRYONIC TELEOSTEAN GRAFTS AND ISOLATES 


By JANE M. OPPENHEIMER 


DEPARTMENT OF BroLoGy, BRYN MAwr COLLEGE, AND OSBORN ZOOLOGICAL 
LABORATORY, YALE UNIVERSITY 


Communicated by J. 5. Nicholas, October 10, 1949 


The occasional occurrence of red blood corpuscles and of chromatophores 
in otherwise non-differentiating isolates and grafts from teleostean gastrulae 
has been casually mentioned in an earlier publication! concerned with other 
problems than pigment-cell formation. In view of the increasing interest 
in pigment-cell formation since that time, ensuing upon DuShane’s? 
establishment of the neural crest origin of the melanophores in the am- 
phibian, it now seems relevant to present some of the data concerning the 
atypical differentiation of teleostean chromatophores. 

Fundulus Germ-Ring Grafts.—In this series of experiments, portions of 
the germ-ring located 90° or 1SO° from the midline of the embryonic shield 
of Fundulus heteroclitus gastrulae (ef. Fig. 1 B, Oppenheimer') were grafted 
to the embryonic shield or to the extra-embryonic membrane of gastrulae 
of the same species. In thirty-seven cases either the whole grafts or 
portions of them continued development but failed to undergo typical 
histogenesis and differentiated no axial structures. In sixteen of these, 
however, red blood corpuscles differentiated, and in ten of these sixteen 
grafts melanophores differentiated. The ten yrarts differentiating melano- 
phores included five implanted on yolk-sae epithelium, and three which 
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were implanted onto the embryonic shield but which, in whole or in part, 
remained external to the host epithelium and failed to differentiate 
typically. In the remaining two cases parts of the grafts were incorporated 
into the host embryos and differentiated axial structures, but adjacent 
portions of them remained undifferentiated. 

In some cases, only a single melanophore was differentiated within the 
grafts, in others a larger number was present. Only those grafts are 
included among the ten positive cases enumerated above which contained 
melanophores located more or less centrally in the mass of cells; grafts 
to which melanophores were applied only at the surface are excluded from 
consideration in the possibility that in these cases host melanophores 
might have migrated to cover the grafts. 

In the absence of heteroplastic grafting, there is indirect evidence only 
that the melanophores were derived from graft rather than host cells. 
In several cases the melanophores were considerably more densely packed 
in the grafts than in the adjacent host tissues, and there is no particular 
reason to suppose that the grafts should attract chromatophores from the 
host tissues in such numbers as to trap them in higher concentration than 
usual. In some cases unbroken host epithelium separated graft and 
host tissues, presumably presenting a barrier to migration. The graft 
melanophores were occasionally intermingled with the masses of red blood 
corpuscles which are known to have developed im situ since connecting 
blood vessels between graft and host were absent. 

Only heteroplastic transplantation or the grafting of materials from 
vitally stained embryos can furnish direct proof that the melanophores 
are formed by graft rather than host cells in such experiments as these. 
Fortunately, however, supplementary data are available from other types 
of experiment which demonstrate that chromatophores are also similarly 
differentiated in some cases by isolates rather than transplants from teleo- 
stean gastrulae. 

Epiplatys Germ-Ring Isolates.—The embryos of Epiplatys fasciolatus can 
be divided at late gastrula stages in such a way (cf. Fig. 1 A, Oppenheimer’) 
that the portion of the germ-ring most remote from the embryonic shield 
can be isolated with part of the yolk from the portion of the egg containing 
the shield. Such isolates develop for several days in Ringer’s solution. 
Though in some cases they exhibit certain phenomena of growth which 
simulate the form of the tail, they undergo no histogenesis of axial struc- 
tures. Of twelve such aggregates studied, one developed red blood 
corpuscles, one formed a single melanophore and a third differentiated a 
number of xanthophores. One explant of prospective tailbud region, 
isolated immediately after the closure of the blastopore, formed both — 
melanophores and xanthophores although otherwise undifferentiated. 

Fundulus Isolated Blastoderms.—Blastoderms of Fundulus heteroclitus 
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separated from the yolk and cultivated in double-strength Holtfreter’s 
solution under some conditions form hyperblastulae, masses of non- 
differentiated cells provided with a large vesicle at one pole.* Of approxi- 
mately seventy-five hyperblastulae studied, one only developed a single 
melanophore of typical size and configuration. 

Discussion.—The production of chromatophores by the grafts and 
isolates described above suggests that in the teleost under certain experi- 
mental conditions pigment-cells can be differentiated by cells which 
normally do not contribute to the teleostean counterpart of the neural 
crest. The 90° germ-ring of Fundulus normally contributes primarily 
mesoderm to the embryo; and the 180° germ-ring is unrelated to nervous 
system formation except in so far as it contributes to the tailbud blastema 
from which neural derivatives later may arise. While it is theoretically 
possible, it is highly improbable that the chromatophores in these cases 
have been differentiated only by the particular cells destined to form 
them later after their passage through the tailbud blastema. The differen- 
tiation of pigment-cells under these conditions is therefore presumably the 
result of what the experimental embryologists call ‘“‘bedeutungsfremde 
Selbstdifferenzierung.”’ 

This interpretation, however, is not incompatible with the possibility 
that in teleosts the chromatophores normally arise from cells corresponding 
to those of the neural crest of other vertebrates, as suggested by the 
results of the transplantation experiments of Lopashov® on three species 
of teleosts, and in line with the neural crest origin of pigment-cells in 
amphibians,’ birds’ and mammals.’ _It'merely signifies that under certain 
abnormal conditions, other than the usual cells can take over the function 
of pigment-cell formation. 

The differentiation of red blood corpuscles in the same series of prepara- 
tions, and in some cases by the same grafts that differentiated the chromato- 
phores, suggests that the production of these cell types is the result of a 
generalized type of reaction. Somewhat comparable differentiation of red 
blood corpuscles in otherwise non-differentiating grafts has been described 
for the chick;* and somewhat analogous to this condition may be the 
differentiation in chick embryonic grafts of ganglion cells formed in the 
absence of differentiation of central nervous tissue.’ 

Whatever the factors may be in these grafts and isolates that suppress 
their typical differentiation or that fail to support it, they seem to be allied 
with factors that foster the atypical production of chromatophores by cells 
originally destined to fulfil other functions. The fact that such condi- 
tions obtain is of twofold significance. In the first place, they suggest 
that in the teleosts at least, great caution must be exercised in the inter- 
pretation of transplantation- or explantation-experiments designed to 
elucidate the normal development of pigment-cells. More positively, 
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they offer the hope that since in these forms pigment-cells can be produced 
under experimental conditions by other than typically differentiating cells, 
it may prove experimentally feasible in them to analyze some of the factors 
responsible for this abnormal differentiation, and hence to shed further 
light on the normal mechanism of production of these cells in the typically 
differentiating embryo. 

Summary.—Grafts of germ-ring of Fundulus heteroclitus gastrulae, 
exhibiting no other typical histogenesis, have in some cases been found 
to differentiate red blood corpuscles and melanophores. Red blood cells, 
melanophores and occasionally xanthophores have been found present in 
tail-shaped structures lacking other histological differentiation formed by 
portions of Lpiplatys fasciolatus germ ring isolated in Ringer's solution. 
In a single case out of approximately seventy-five studied, a melanophore 
was differentiated in the absence of other histogenesis by a hyperblastula 
formed by an early Fundulus heteroclitus blastoderm removed from the 
yolk and cultivated in double-strength Holtfreter’s solution. These 
facts in no way negate the possibility that in teleosts chromatophores are 
normally provided by cells comparable to the neural crest of amphibians, 
birds and mammals. They suggest, however, that under certain experi- 
mental conditions not adequate to foster normal histogenesis, cells other 
than those destined for such differentiation are capable of forming pigment- 
cells. 

! Oppenheimer, J. M., J. Exp. Zool., 79, 185-212 (1938). 

2 DuShane, G. P., Jbid., 72, 1-31 (1935). 

3 Oppenheimer, J. M., /bid., 72, 247-269 (1936). 

‘ Oppenheimer, J. M., /bid., 73, 405-444 (1936). 

5 Lopashov, G. V., C. R. (Doklady) Acad. Sci, U.S.S.R., 44, 169-172 (1944). 

® Dorris, F., Arch. Entw.-mech., 138, 323-334 (1938). 

* Rawles, M. E., Physiol. Zool., 20, 248-266 (1947). 

8 Rudnick, D., J. Exp. Zool., 79, 399-427 (1938). 

® Rudnick, D., Jbid., 78, 369-383 (1938). 


ERRATA 


In the article “Studies on the Biochemical Genetics of Yeast,” these 
PROCEEDINGS, pages 456-464, August, 1949, the reference*! on p. 459, Sth 


"and among the refer- 


line up, and on p. 460, 5th line down, should be * 
ences on p. 464 should be inserted : 
0” Burkholder, P. R., and Giles, N. H., Jr., Am. J. Botany, 34, 345-348 


(1947). SEYMOUR POMPER 


i 
> 
i 
{ 
| 
| 
1, 


INDEX 


Aberrant heterozygotes (Lederberg), 178. 

Action of peptidases (Smith), 80. 

Appts, T. The Mechanism of Protein- 
uria, 194. 

Adsorbents, specific (Dickey), 227. 

Age of members of National Academy of 
Sciences (Wright), 117. 

Aggregation phenomena (Bier and Nord) 
17; (Timasheff, Bier and Nord), 
364, 494. 

Aging (Sherman and Trupp), 90. 


ALBERT, Theory of Trace- 


Admiésible Algebras, 317. 

Alcohol-acetate solutions (Timasheff, Bier 
and Nord), 364. 

Alcoholism (Williams, Berry and Beer- 
stecher), 265. 

Algebraic functions (Bellman and Straus), 
472. 


Algebraic systems (Smith), 405. 

Algebras (Albert), 317. 

Algebras, group (Kaplansky), 133. 

Alopex-Vulpes (Wipf and Shackelford), 
468. 

ANKENY, N. C., and Cnowra, S. 
Class Number 
Field, 529. 

AnTHONY, S. See Foster, J. W., 663. 

Antibiotic substances (Kavanagh, Hervey 
and Robbins), 3438. 

Atwoop, kK. C., and NorRMAN, A. On the 
Interpretation of Multi-Hit Survival 
Curves, 696. 

Automorphisms (Hua), 386. 

Axioms for sets (Wang), 150. 

Axolotl (Dalton), 277. 


The 
of the Cyclotomic 


Bacteria, mutants (Davis), 1. 

Bacteria, ultra-violet inactivation (Novick 
and Szilard), 591. 

BAL (Thimann and Bonner), 272. 

Basidiomycetes (Kavanagh, Hervey and 
Robbins), 543. 

Bayes solutions (Wald and Wolfowitz), 99. 
Beaded Minute combination (Sturte- 
vant), 311; (Goldschmidt), 314. 

Beck, L.H. See Miles, W. R., 292. 

BEERSTECHER, E., JR. See Williams, R. 
J., 265. 

BELLMAN, R., and Straus, E. G. Con- 
tinued Fractions, Algebraic Functions 
and the Padé Table, 472. 

BELLMAN, R., and BLACKWELL, D. Some 
Two-Person Games Involving Bluf- 
fing, 600. 

Bending of tubes (Reissner), 204. 

Bernoulli members (Vandiver), 332. 

Berry, L. J. See Williams, R. J., 265. 

Bier, M., and Norp, F. F. Aggregation 
Phenomena in Egg Albumin Solu- 
tions as Determined by Light Scat- 
tering Measurements, 17. 


Brer, M. See Timasheff, S. N., 364, 494. 
Bilinear functionals (Morse and Transue), 
36. 
Biochemical genetics (Pomper and Burk- 
holder), 456. 
Bioelectric potentials (MacInnes), 457; 
cSapenenth, 548; (Cole), 558; (Blinks) 


Birational transformations (Zariski), 62. 

BLACKWELL, D. See Bellman, R., 600. 

A. L., and Massgy, W.S. The 
Homotopy Groups of a Triad, 322. 

Buitnks, L. R. The Source of the Bio- 
electric Potentials in Large Plant 
Cells, 566. 

Bluffing, games (Bellman and Blackwell), 
600 


BocuNeER, S. Diffusion Equation and 
Stochastic Processes, 368. 

Bohr magneton (Condon), 488. 

BoNNER, D. M., and Yanorsky, C. 
Quinolinic Acid Accumulation in the 
Conversion of 3-Hydroxyanthranilic 
Acid to Niacin in Neurospora, 576. 

BonNER, W. D. Jr. See Thimann, K. V., 
272. 

Bounds for solution of differential equation 
(Leighton), 190. 

Brunn-Minkowski convex bodies (Buse- 
mann), 27. 

BuEeRGER, M. J. Crystallographic Sym- 
metry in Reciprocal Space, 198. 

BURKHOLDER, P. R. See Pomper, S. 
456, 712. 

BurnuaMm, C. R. Chromosome Segrega- 
tion in Maize Translocations in Rela- 
tion to Crossing Over in Interstitial 
Segments, 349. 

BuSEMANN, H. A Theorem on Convex 
Bodies of the Brunn-Minkowski Type, 


C, condensation (Foster, Carson, Anthony, 
Davis, Jefferson and Long), 663. 

Carbohydrate fermentation (Lindegren 
and Lindegren), 23. 

Carbon monoxide (Pauling and Sheehan), 
3é 

CARMICHAEL, L., KENNEDY, J. L., and 
Meap, L. C. Some Recent Approaches 
to the Experimental Study of Human 
Fatigue, 691. 

Carotenoid differences (Mackinney and 
Jenkins), 284. 

Carson, 5. F. See Foster, J. W., 663. 

CastTLe, W. E., and Kine, H. D, Linkage 
Studies of the Rat. X, 545. 

Cauchy-Frullani integral (Ostrowski), 612 

Cells, bioelectric potentials (Osterhout), 
548; (Cole), 558; (Blinks), 566. 

Cells, epidermal (Lewis), 506. 


714 INDEX 


“oa probability problem (Loéve), 


Centromere organization (Rhoades and 
Kerr), 129. 

CHANEY, R. W. The Miocene Occur- 
rence of Sequoia and Related Conifers 
in the John Day Basin, 125. 

——. Early Tertiary Ecotones in Western 
North America, 356. 

Characters over rings (Hua and Vandiver) 
94 


T.-T. Conjugation Between 
Double Monsters and Single Animals 
in Paramecium Bursaria, 108. 

Chlorophyceae (Starr), 453. 

Chloroplast pigment (Everett), 628. 

CuHow a, S. On Difference Sets, 92. 

Last Entry in Gauss’s Diary, 


CuHow a, S., and SELBERG, A. On Ep- 
stein’s Zeta Function (I), 371. 

CuHowLa, S. See Ankeny, N. C., 529. 

Chromatid aberrations (Swanson), 237. 

Chromatin and methyl green (Pollister 
and Leuchtenberger), 111. 

Chromosomal rearrangements (Giles and 
Riley), 640. 

Chromosome segregation (Burnham), 349. 

Chromosomes of fox hybrid (Wipf and 
Shackelford), 468. 

Cuunc, K. L., and FELLER, W. On 
Fluctuations in Coin-Tossing, 605. 

Class number (Ankeny and Chowla), 


529. 
CLELAND, G. H. See Dickey, F. H., 
581 


Coefficient problem (Royden), 657. 

Coefficients of Schlicht functions (Schaef- 
fer and Spencer), 143. 

Coin-tossing (Chung and Feller), 605. 

Coie, K. §. Some Physical Aspects of 
Bioelectric Phenomena, 558. 

Connon, E. U. Superconductivity and 
the Bohr Magneton, 488. 

Conference bioelectric potentials, 
(MacInnes), 547. 

Congruences (Vandiver), 332. 

Conjugation in Paramecium (Chen), 108. 

Continued fractions (Bellman and Straus) 
472 


la. 
Continuity, absolute (Rado and Reichel- 
derfer), 678. 
Convergence of harmonic polynomials 
(Walsh, Sewell and Elliott), 59. 
Convex bodies (Busemann), 27. 
Coumarin (Thimann and Bonner), 272. 
Crossing over (Laughnan), 167; (Burn- 
ham), 349; (Green and Green), 556. 
Crustacean retina (Kleinholz), 215. 
Crystallographic symmetry (Buerger), 
198 


Culture of Paramecium aurelia (Van 
Wagtendonk and Hackett), 155. 
Curved profiles, pressure on (Thomas), 

617. 


Proc. N. A. S. 


saa physical (Kasner and De Cicco), 
Cyclotomic field (Ankeny and Chowla), 


Cytoplasmic factor in sterility (Everett), 


Darton, H. C. Developmental Analysis 
of Genetic Differences in Pigmenta- 
tion in the Axolotl, 277. 

Davis, B. D. The Isolation of Biochemi- 
cally Deficient Mutants of Bacteria 
by Means of Penicillin, 1. 

Davis, J. B. See Foster, J. W., 663. 

— J. See Kasner, E., 43, 106, 201, 

_— problems (Wald and Wolfowitz), 


Desoxyribose nucleic acid (Schrader and 
Leuchtenberger), 464. 

Developmental analysis (Dalton), 277. 

Dickey, F.H. The Preparation of Specific 
Adsorbents, 227. 

Dickey, F. H., CLELAND, G. H., and 
Lotz, C. The Rdle of Organic Perox- 
ides in the Induction of Mutations 


581. 

Dieudonné (Halmos), 38. 

Difference sets (Chowla), 92. 

Diffusion equation (Bochner), 368. 

Differential equations (Kasner and De 
Cicco), 43; (Kasner and Mittleman), 
ro (Leighton), 190, 192, 422, 


Diploid Zea Mays (Everett), 628. 

Dissociation energy (Pauling and Shee- 
han), 359. 

Distance, perception of (Ratoosh), 257. 

Distributions (Kac), 252. 

Drosophila melanogaster (Sturtevant), 311; 
(Goldschmidt), 314; (Green and 
Green), 556; (Kerschner); 647. 

Dvoretzky, A. On the Theorem of 
Jentzsch, 246. 


Ecotones, Tertiary (Chaney), 356. 

Egg albumin (Bier and Nord), 17. 

Eigenvalues (Weyl), 408; (Fan), 652. 

EISENHART, L. Separation of the 
Variables in the One-Particle Schroed- 
inger Equation in 3-Space, 412. 

——. Separation of the Variables of the 
Two-Particle Wave Equation, 490. 

E.tuiott, H. M. See Walsh, J. L., 59. 

Embryonic teleostean grafts (Oppen- 
heimer), 709. 

Energy, valence-state (Pauling), 229. 

Entire functions (Radstrém), 399. 

Epiboly (Trinkaus), 218. 

Epidermal cells (Lewis), 506. 

Epstein’s Zeta function (Chowla and 
Selberg), 371. 

Equations in finite field (Hua and Van- 
diver), 94, 477, 481. 


VoL. 35, 1949 


Erpés, P. On a New Method in Ele- 
mentary Number Theory Which 
Leads to an Elementary Proof of the 
Prime Number Theorem, 374. 

Errata (Neményi and Prim), 116; (Leigh- 
ton), 422; (Timasheff, Bier and 
Nord), 494; (Pomper and Burk- 
holder), 712. 

Erythrocyte, bovine (Stormont), 232. 

Escherichia coli (Lederberg), 178. 

Everett, H. L. A Genic Series Control- 
ling Chloroplast Pigments’ Produc- 
tion in Diploid Zea Mays L, 628. 

Evolution of stars (Struve), 161. 

Exponential sums (Vandiver), 686. 


Fan, K. On a Theorem of Weyl Con- 
cerning Eigenvalues of Linear Trans- 
formations I, 652. 

Fatigue, human (Carmichael, Kennedy 
and Mead), 691. 

FELLER, W. See Chung, K. L., 605. 

Fermat quotients (Vandiver), 332. 

Fields of force (Kasner and De Cicco), 
419. 

Finite field (Hua and Vandiver), 477, 481; 
(Vandiver), 681. 

Fluctuations in coin-tossing (Chung and 
Feller), 605. 

Foster, A. L. The n-ality Theory of 
Rings, 31. 

a. J. W., Carson, S. F., ANTHONY, 

DAvIs, J.B, JEFFERSON, W. 
and Lone, M. Aerobic For- 
mation of Fumaric Acid in the Mold 
Rhizopus Nigricans: Synthesis by 
Direct C, Condensation, 663. 

Fourier series (Morse and Transue), 395. 

Fox hybrid (Wipf and Shackelford), 468 

Fréchet variation (Morse and Transue), 
395. 


— acid (Foster, Carson, Anthony, 
Davis, Jefferson and Long), 663. 
Functionals, bilinear (Morse and Transue), 

136 


F unctionals, quadratic (Leighton), 192. 
Fundulus eggs (Trinkaus), 218. 


GABELMAN, W. H. Reproduction and 
Distribution of the Cytoplasmic Fac- 
tor for Male Sterility in Maize, 634. 

Gaston, A. W. 
Photoéxidation of Indole-Acetic Acid 
and Related Compounds, 10. 

Games (Bellman and Blackwell), 600. 

Gauss’s diary (Chowla), 244. 

Gene-controlled carbohydrate fermenta- 
tion (Lindegren and Lindegren), 23. 

Genetics of yeast (Pomper and Burk- 
holder), 456, 712. 

Geneto-trophic diseases (Williams, Berry 
and Beerstecher), 265 

Geometry of moment spaces (Karlin and 
Shapley), 673. 


INDEX 


Riboflavin-Sensitized. . 


715 


Gicparc, D. A Generalization of the 
Schwarz-Christoffel Transformation, 


Gurtgs, N. G., Jr., and H. P. The 
Effect of Oxygen on the Frequency of 
X-Ray Induced Chromosomal Re- 
arrangements in Tradescantia Micro- 
spores, 640. 

Gieason, A. M. On the Structure of 
Locally Compact Groups, 384. 

R. B. The Intersexual 
Males of the Beaded Minute Com- 
bination in Drosophila Melanogaster, 
313. 

GraHaM, J. B., and GranaM, R. M. 
Pharmacological Modification of Re- 
sistance to Radiation—A Preliminary 
Report, 102. 

GranaM, R. M. See Graham, J. B., 102. 

Graphite (Pauling and Sheehan), 359. 

Grafts, teleostean (Oppenheimer), 709. 

Group algebras (Kaplansky), 133. 

Groups, homotopy (Blakers and Massey), 
322; (Smith), 405. 

Groups, locally compact (Mackey), 537. 

Groups, structure of (Gleason), 384. 

Growth, plant (Thimann and Bonner), 
272. 


GREEN, K.C. See Green, M. M., 586. 

GREEN, M. M., and GREEN, K. C. Cros- 
sing-Over Between Alleles at the 
Lozenge Locus in Drosophila Melano- 
gaster, 586. 


Hackett, P. L. See van Wagtendonk, 
W 


Hatmos, P. R. Ona Theorem of Dieu- 
donné, 38. 

Harmonic polynomials and _ functions 
(Walsh, Sewell and Elliott), 59. 

Haskins, F. A., and Mircue.i, H. K. 
Evidence for a Tryptophane Cycle in 
Neurospora, 500. 

Heat of sublimation (Pauling and Shee- 
han), 359. 

Hervey, A. See Kavanagh, F., 343. 

Homotopy groups (Blakers and Massey), 
322; (Smith), 405. 

Honeybees (Miles and Beck), 292. 

Hua, L.-K. On the Automorphisms of a 

Sfield, 386. 

Some Properties of a Sfield, 533. 

Hua, L. K., and VANpIvER, H. §. Char- 
acters over Certain Types of Rings 
with Applications to the Theory of 
Equations in a Finite Field, 94. 

On the Number of Solutions of 

Some Trinomial Equations in a Finite 

Field, 477. 

On the Nature of the Solutions of 

— Equations in a Finite Field, 

481. 


Human fatigue (Carmichael, 
and Mead), 691. 


Kennedy 


716 


Ideals, primary (Kaplansky), 133. 

Imprimitivity for representations (Mac- 
key), 537. 

Indeterminates, use of (Vandiver), 686. 

Indole-acetic acid (Galston), 10. 

Infrared absorption...(Miles and Beck), 
292. 

Infra-red radiation (Swanson), 237 

Inheritance of carotenoid differences 
(Mackinney and Jenkins), 284. 

Inhibition of growth (Thimann 
Bonner), 272. 

Integral, Cauchy-Frullani 
612. 

Integral curves (Kasner and De Cicco), 
43. 


and 


(Ostrowski), 


Integral representations (Morse and Tran- 
sue), 136. 

Integration (McShane), 46; 

Interposition (Ratoosh), 257. 

Isolates, embryonic (Oppenheimer), 709. 

Isolation of bacteria by penicillin (Davis), 


(Stone), 50. 


J substance (Stormont), 232. 

Jacobian, generalized (Rado and Reich- 
elderfer), 678. 

Jenkins, J. A. See Mackinney, G., 284. 

JEFFERSON, W. E. See Foster, J. W., 
663. 

Jentzsch (Dvoretzky), 246. 

John Day Basin (Chaney), 125. 


Kac, M. On Deviations Between Theo- 
retical and Empirical Distributions, 
252. 


KAPLANSKY, I. Primary Ideals in Group 
Algebras, i383. 

KARLIN, S., and SHAPLEY, L.S. Geometry 
of Reduced Moment Spaces, 673. 
KASNER, E., and De Cicco, J. Osculating 

Comics of the Integral Curves of 
Third Order Differential Equation of 
the Type (G), 43. 
Physical Systems of Curves in 
Space, 106. 

——, Physical Curves in Space of 

Dimensions, 201. 

Physical Families in Conservative 

Fields of Force, 419. 

KASNER, E., and MitrLeMan, Second 
Order Differential Equations of Rank 
2 in Physics, 338. 

KAVANAGH, F., HERVEY, A., and Ros- 
Bins, W. J. Antibiotic Substances 
from Basidiomycetes. IV.  \Jaras- 
mius Conigenus, 343. 

Kevner, A. Effect of Visible Light on the 
Recovery of Streptomycens Griseus 
Conidia from Ultraviolet Irradiation 
Injury, 73. 

KENNEDY, J. L. 
691. 


See Carmichael, L., 


INDEX 


Proc. N. A. S. 


Kerr, W. E. See Rhoades, M. M., 129. 

KERSCHNER, J. The Influence of the Y- 
Chromosome on X-Ray Induced 
Mutation Rate in Drosophila Melano- 
gaster, 647. 

KinG, H. D. See Castle, W. E., 545. 

KLEINHOLZ, L. H. Responses of the 
Proximal Retinal Pigment of the 
Isolated Crustacean Eyestalk to Light 
and to Darkness, 215. 

Kosamsi, D. D. Lie Rings in 
Space, 389. 

Kroeper, A. L. Values as a Subject of 
Natural Science Inquiry, 261. 


Path 


LAUGHNAN, J. R. The Action of Allelic. 
Forms of the Gene A in Maize, II. 
The Relation of Crossing Over to 
Mutation of A°, 167. 

Length of Life (Sherman and Trupp), 
90. 

LEDERBERG, J. Aberrant Heterozygotes 
in Escherichia Coli, 178. 

LEIGHTON, W. Bounds for the Solutions 
of a Second-Order Linear Differential 
Equation, 190, 422. 

Principal Quadratic Functionals 
and Self-Adjoint Second-Order Dif- 
ferential Equations, 192. 

On Self-Adjoint Differential Equa- 
tions of Second Order, 656. 

LEUCHTENBERGER, C. See Pollister, A. 
W., 66, 111. See Schrader, F., 464. 

LEwIs, F. T. The Correlation in Shape 
and Size Between Epidermal and 
Subepidermal Cells, 506. 

Lie rings (Kosaimbi), 389. 

Lifting surfaces (Reissner), 208. 

Light-reactivation (Novick and Szilard), 
591. 


Light, response to (Kleinholz), 215. 

Light scattering (Bier and Nord), 17, 

LINDEGREN, C. C., and LINDEGREN, G. 
Unusual Gene- Controlled Combina- 
tions of Carbohydrate Fermentations 
in Yeast Hybrids, 23. 

LINDEGREN, G. See Lindegren, C. C., 


23. 
Linkage in rat (Castle and King), 545. 


Loéve, M. On the “Central” 
Problem, 328. 

Lonc, M. V. See Foster, J. W., 

Lotz, C. See Dickey, F. H., 581 

Lycopersicon esculentum (MacKinney and 
Jenkins), 284. 


Probability 


663. 


MacInnes, D. A. The Conference on 
Bioelectric Potentials, 547. 

Mackey, G. W. Imprimitivity for Repre- 
sentations of Locally Compact Groups, 
I, 537. 

MacKInneEy, G., and JENKINS, J. A. 
Inheritance of Carotenoid Differences 


i 
i 
| 
3 
5 
> 
| 
. 


Vol. 35, 1949 


in Lycopersicon Esculentum Strains, 
284 


Magneton (Condon), 488. 

Maize, gene A (Laughnan), 167. 

Maize, sterility in (Gabelman), 634. 

Maize translocations (Burnham), 349. 

Marasmius conigenus (Kavanagh, Hervey 
and Robbins), 3438. 

Massey, W.S. See Blakers, A. L., 322. 

McELroy, W. D. See Swanson, C. -P., 
513. 

McSHAngE, E. J. 
Integration, 46. 

Mead, L.C. See Carmichael, L., 691. 

Membership of National Academy of 
Sciences, distribution and ages of 
(Wright), 117. 

Metabolic patterns (Williams, Berry and 
Beerstecher), 265. 

Methyl green and chromatin (Pollister 
and Leuchtenberger), 111. 

Metal-peptidases (Smith), 80. 

Microspores, Tradescantia 
Riley), 640. 

MiLeEs, W. R., and Beck, L. H. Infrared 
Absorption in Field Studies of Ol- 
faction in Honeybees, 292. 

MILLER, H. See Swanson, C. P., 513. 

Miocene Sequoia (Chaney), 125. 

Mitcueti, H. K. See Haskins, F. A., 
500. 

Mittleman, D. See Kasner, E., 338, 

Monsters in Paramecium (Chen), 108. 

Morss, M., and TRANSuE, W. Integral 
Representations of Bilinear Fune- 
tionals, 136. 

The Fréchet Variation 
Convergence of Multiple 
Series, 395. 

Multi-hit survival curves (Atwood 
Norman), 696. 

Mutants of bacteria (Davis), 1. 

Mutation and organic peroxides (Dickey, 
Cleland and Lotz), 581 

Mutation and Y-chromosome (Kerschner), 
647. 

Mutation of 4” in maize (Laughnan), 167. 

Mutation rate (Swanson, McElroy and 
Miller), 513. 


Remark Concerning 


(Giles and 


and the 
Fourier 


and 


n-ality theory of rings (Foster), 31. 

NATIONAL ACADEMY OF SCIENCES, ‘The 
Conference on Bioelectric Potentials 
(MacInnes, Osterhout, Cole and 
Blinks), 547-575. 

NATIONAL ACADEMY OF SCIENCES, Dis- 
tribution and Ages of Membership 
(Wright), 117. 

NATIONAL ACADEMY 
ganization, 423. 

NEMENY\I, P., and Prim, R. See Errata. 

Neurospora (Wagner), 155; (Haskins and 
Mitchell), 500. 


OF SCIENCES—Or- 


INDEX 


717 


Neurospora, niacin in (Bonner and Yan- 
ofsky), 576. 

Niacin in Neurospora (Bonner and Yan- 
ofsky), 576. 

Nitrogen mustard (Swanson, 
and Miller), 513. 

Norp, F. F. See Bier, M., 17. 
Timasheff, S. N., 364, 494. 

NorMAN, A. See Atwood, K. C., 696. 

Novick, A., and Szilard, L. Experiments 
on Light-Reactivation of Ultra-Violet 
Inactivated Bacteria, 591. 

Nucleic acid (Schrader and Leuchten- 
berger), 464. 

Nucleoprotein content of nuclei (Pollister 
and Leuchtenberger), 66 

Numbers of solutions of equations (Van- 
diver), 681. 


McElroy 
See 


Ocean wave data (Seiwell), 518. 

Olfaction (Miles and Beck), 292. 

OPPENHEIMER, J. M. Atypical Pigment- 
Cell Differentiation in Embryonic 
Teleostean Grafts and Isolates, 709. 

Organic peroxides in mutation (Dickey, 
Cleland and Lotz), 581. 

Organization, centromere (Rhoades and 
Kerr), 129. 

Organization of NATIONAL ACADEMY OF 
SCIENCES, 423. 

Osculating conics (Kasner and De Cicco), 
43 


OsteRHOUT, W. J. V. Some Bioelectrical 
Problems, 548. 

Ostrowsk1, A. M. On Some Generaliza- 
tions of the Cauchy-Frullani In- 
tegral, 612. 

Oxygen atom (Pauling), 229. 

Oxygen, effect on chromosomal rearrange- 
ments (Giles and Riley), 640. 


Padé table (Bellman and Straus), 472. 

Pantothenic acid (Wagner), 185. 

Paramecium aurelia (van Wagtendonk and 
Hackett), 155. 

Paramecium bursaria (Chen), 108. 

Path space (Kosambi), 389. 

PAULING, L. The Valence-State Energy 
of the Bivalent Oxygen Atom, 229. 

On the Stability of the S; Molecule 
and the Structure of Fibrous Sulfur, 
495. 

PAULING, L., and SHEEHAN, W. F., JR. 
The Dissociation Energy of Carbon 
Monoxide and the Heat of Sublima- 
tion of Graphite, 359. 

Penicillin (Davis), 1. 

Perception of distance (Ratoosh), 257. 

Pharmacological modification of resistance 
(Graham and Graham), 102. 

Photodxidation of indole-acetic acid (Gal- 
ston), 10. 


718 INDEX Proc. N. A. S. 


Physical curves (Kasner and De Cicco), 

Ld 106, 201, 419. 

Physics, differential equations in (Kasner 
and Mittleman), 338. 

Pigment production (Everett), 628. 

Pigmentation (Dalton), 277. 

Pigment-cell differentiation (Oppenheimer), 
709 


Plant growth (Thimann and Bonner), 
272 


Po.utsTEr, A. W., and LEUCHTENBERGER, 
. The Nucleoprotein Content of 
Whole Nuclei, 66. 

——. The Nature of the Specificity of 
Methyl Green for Chromatin, 111. 
Polyvinyl alcohol-acetate solutions (Tima- 
sheff, Bier and Nord), 364, 494. 
Pomper, S., and BURKHOLDER, P. R. 
Studies on the Biochemical Genetics 

of Yeast, 456, 712. 

Potentials, bioelectric (MacInnes), 547, 
(Osterhout), 548; (Cole), 558; 
(Blinks), 566. 

Pressure distribution (Thomas), 617. 

Prime number theorem (Erdés), 374. 

Probability (Loéve), 328. 

Proteinuria (Addis), 194 

Protoanemonin (Thimann and Bonner), 
272. 


Quadratic relations (Vandiver), 681. 
Quinolinic acid (Bonner and Yanofsky), 
576. 


Radiation, resistance to (Graham and 
Graham), 102. 

Rapo, T., and REICHELDERFER, P. V. 
On n-Dimensional Concepts of Boun- 
ded Variation, Absolute Continuity 
and Generalized Jacobian, 678. 

RApstrOm, H. On the Zero of Successive 
Derivatives of Entire Functions, 399. 

Rat, linkage in (Castle and King), 545. 

Ratoosn, P. On Interposition as a Cue 
for the Perception of Distance, 257. 

Reciprocal space (Buerger), 198. 

Reduced moment spaces (Karlin and 
Shapley), 673. 

REICHELDERFER, P. See Rado, T., 

678. 

REISSNER, E. On Bending of Curved 
Thin-Walled Tubes, 204. 

——. Note on the Theory of Lifting 
Surfaces, 208. 

Representations of groups (Mackey), 

Resistance to radiation (Graham and 
Graham), 102. 

Response to light (Kleinholz), 215. 

Retina, crustacean (Kleinholz), 215. 

Rhizopus nigricans (Foster, Carson, An- 
a Davis, Jefferson and Long) 

3. 


Ruopes, M. M.,and Kerr, W.E. A Note 
on Centromere Organization, 129. 
Riboflavin-sensitized photo6xidation (Gal- 
ston), 10 

Rirey, H. P. See Giles, N. H.. Jr., 640 

Rings, characters over (Hua and Van- 
diver), 94. 

Rings, Lie (Kosambi), 389. 

Rings, theory of (Foster), 31. 

Rossins, W. J. See Kavanagh, F., 348 

Roypen, H. L. The Coefficient Problem 
for Bounded Schlicht Functions, 657. 


Ss molecule (Pauling), 495. 

ScuaerFer, A. C., and Spencer, D. C. 
The Coefficients of Schlicht Fune- 
tions, IV, 143. 

Schlicht functions (Schaeffer and Spencer), 
143; (Royden), 657. 

SCHRADER, F., and LEUCHTENBERGER, C. 
Variation in the Amount of Desoxyri- 
bose Nucleic Acid in Different Tis- 
sues of Tradescantia, 464. 

Schroedinger equation (Eisenhart), 412. 

Schwarz-Christoffel transformation (Gil- 
barg), 609. 

SEIWELL, H. R. The Principles of Time 
Series Analyses Applied to Ocean 
Wave Data, 518. 

SELBERG, A. See Chowla, S., 371. 

Self-adjoint differential equations (Leigh- 
ton), 656. 

Sequential decision problems (Wald and 
Wolfowitz), 99. 

Sequoia, Miocene (Chaney), 125. 

Set theory (Wang), 150. 

Sets, difference (Chowla), 92. 

SEWELL, W. E. See Walsh, J. L., 59. 

Sex-determination (Sturtevant), 311; 
(Goldschmidt), 314. 

Sfield (Hua), 386, 533. 

SHACKELFORD, R. M. See Wipf, L., 
468. 

Shape and size of cells (Lewis), 506. 

SHapiey, L.S. See Karlin, S., 673. 

SHEEHAN, W. F., Jr. See Pauling, L., 
359. 

SHERMAN, H. C., and Trupp, H. Y. 
Further Experiments with Vitamin A 
in Relation to Aging and to Length of 
Life, 90. 

SmituH, E. L. The Mode of Action of the 
Metal-Peptidases, 80. 

Smitu, P. A. Homotopy Groups of Cer- 
tain Algebraic Systems, 405. 

Solutions of Equations (Vandiver), 681. 

Space, physical curves in (Kasner and De 
Cicco), 201. 

Specific adsorbents (Dickey), 227. 

SPENCER, D. C. See Schaeffer A. C., 
148. 

Stability of S; (Pauling), 495. 

Srarr. R. C. A Method of Effecting 


! | 
2 
4 
a: 
¢ 
if 
4 


Vol. 35, 1949 


Zygospore Germination in Certain 
Chlorophyceae, 453. 
Stars, evolution of (Struve), 161. 
Sterility in maize (Gobelman), 628. 
Stochastic processes (Bochner), 368. 
Stone, M. H. Notes on Integration, IV, 


50. 

Stormont, C. Acquisition of the J Sub- 
stance by the Bovine Erythrovyte, 
232. 

Straus, E.G. See Bellman, R., 472. 

Streptomyces griseus (Kelner), 73. 

Structure of groups (Gleason), 384. 

Struve, O. Some Problems of the Evolu- 
tion of Stars, 161. 

SturTEVANT, A. H. The Beaded Minute 
Combination and Sex-Determination 
in Drosophila, 311. 

Sulfur, fibrous (Pauling), 495. 

Superconductivity (Condon), 488. 

Supersonic speeds (Thomas), 617. 

Surface gel layers (Trinkaus), 218. 

Surfaces, lifting (Reissner), 208. 

_— curves (Atwood and Norman), 


Swanson, C. P. Further Studies on the 
Effect of Infra-Red Radiation on X- 
Ray-Induced Chromatid Aberrations 
in Tradescantia, 237. 

Swanson, C. P., McELroy, W. D., and 
Mrcer, H. The Effect of Nitrogen 
Mustard Pretreatment on the Ultra- 
Violet-Induced Morphological and 
Biochemical Mutation Rate, 513. 

Symmetry, crystallographic (Buerger), 
198. 


SzrLaRD, L. See Novick, A., 591. 


Tertiary ecotones (Chaney), 356. 


Theoretical empirical distributions’ 


(Kac), 252. 

THIMANN, K. V., and Bonner, W. D., 
Jr. Inhibition of Plant Growth by 
Protoanemonin and Coumarin, and 
Its Prevention by BAL, 272 

Tuomas, T. Y. First Approximation of 
Pressure Distribution on Curved 
Profiles at Supersonic Speeds, 617. 

TIMASHEFF, S. N., Brer, M., and Noro, 

F. ‘Aggregation Phenomena in 
oe Alcohol-Acetate Solutions, 
364, 4! 

Time (Seiwell), 518. 

Trace-admissible algebras (Albert), 317. 

Tradescantia (Swanson), 237; (Schrader 
and Leuchtenberger), 464. 

Tradescantia microspores 

Riley), 640. 

Transformation, linear (Weyl), 408; (Fan), 

2. 


(Giles and 


65 
Transformation, Schwarz-Christoffel (Gil- 
barg), q 
Transformations, birational (Zariski), 62. 
TRANSUE, W. See Morse, M., 136, 395. 


LNDEX 


719 


Trinkaus, J. P. The Surface Gel Layer of 
Fundulus Eggs in Relation to Epib- 
oly, 218. 

Trinomial equations (Hua and Vandiver), 
477. 

Trupp, H. Y. See Sherman, H. C., 90. 

Tryptophane cycle (Haskins and Mitch- 
ell), 500. 

Tubes, bending of (Reissner), 204. 

Two-person games (Bellman and Black- 
well), 600. 


Ultra-violet inactivation of bacteria (No- 
vick and Szilard), 591. 

Ultra-violet-induced mutation (Swanson, 
McElroy and Miller), 513. 

Ultra-violet irradiation injury (Kelner), 
73. 


Valence-state energy (Pauling), 229. 
Values (Kroeber), 261. 

VANDbIVER, H. S. On Congruences Which 
Relate the Fermat and Wilson Quo- 
tients to the Bernoulli Numbers, 
332. 

Quadratic Relations Involving the 
Numbers of Solutions of Certain 
Types of Equations in a Finite Field, 
681. 


. On the Use of Indeterminates in the 

Theory of Exponential Sums, 686. 

VANDIVER, H.S. See Hua, L. K., 94, 477, 
481. 

VAN WAGTENDONK, W. J., and HACKETT, 
P. L. The Culture of Paramecium 
Aurelia in Absence of Other Living 
Organisms, 155. 

Variation, bounded (Rado and Reichel- 
derfer), 678. 

Vitamin A (Sherman and Trupp), 90. 

von Neumann's axioms for sets (Wang), 


WAGNER, R. P. The in vitro Synthesis of 
Pantothenic Acid by Pantothenicless 
and Wild Type Neurospora, 185. 

A., and Wo.Fowitz, J. Bayes 
Solutions of Sequential Decision 
Problems, 99. 

Watsu, J. L., SEWELL, W. E., and Et- 
LioTT, H. M. On the Degree of Con- 
vergence of Harmonic Polynomials to 
Harmonic Functions, 59. 

Wanc, H. On Zermelo’s and von Neu- 
mann’s Axioms for Set Theory, 150. 

Wave analyses, ocean (Seiwell), 518. 

Wave-equation (Eisenhart), 490. 

Weyt, H. Inequalities Between the Two 
Kinds of Eigenvalues of a Linear 
Transformation, 408. 

Weyl on eigenvalues (Fan), 652. 

WiiiaMs, R. J., Berry, L. J., and BEER- 
STECHER, E., Jr. Individual Meta- 


4 


INDEX Prod. Nu 


bolic Patterns, Alcoholism, Geneto- 
trophic Diseases, 265. 

Wilson quotients (Vandiver), 382. 

Wiper, L., and SHACKELFORD, R. M. 
Chromosomes of a Fox Hybrid (.1/o- 
pex- Vulpes), 468. 

Wo Fow!7z, J. See Wald, A., 99. 

Wricut, F. E. National Academy of 
Sciences (Distribution and Ages of 
Membership), 117. 


X-ray induced mutation (Kerschner), 647. 
X-ray induced rearrangements (Giles and 
Riley), 640. 


Yanorsky, C. See Bonner, D. M., 576. 

Y-chromosome and mutation (Kerschner), 
647. 

Yeast, genetics of (Pomper and Burk- 
holder), 456, 712. 

Yeast hybrids (Lindegren and Lindegren), 


Zariskt, O. A Simple Analytical Proof of 
a Fundamental Property of Bira- 
tional Transformations, 62. 

Zea Mays (Everett), 628. 

Zermelo's axioms for sets (Wang), 150. 

Zeros of derivatives (Radstrém), 399. 

Zeta function (Chowla and Selberg), 371 

Zygospore germination (Starr), 453. 


720 
‘ 
' 
i 
| 
4 


PROCEEDINGS 


OF THE 


NATIONAL ACADEMY 
OF SCIENCES 


OF THE 


UNITED STATES OF AMERICA 


VOLUME 35, 1949 


EXECUTIVE COMMITTEE 


OF THE PROCEEDINGS 


EDWIN BIDWELL WILSON, .\/anaging Editor 


R. A. MILLIKAN D. W. BRONK 


PUBLISHED MONTHLY 


Publication Office: Mack Printing Company, Easton, Pa. 


Editorial Office: Harvard School of Public Health, Boston 15 
Home Office of the Academy: Washington 25, D. C. 


| 
We : Ly 


4 
| 
| 
| 
wl 


CONTENTS 


NATIONAL ACADEMY OF SCIENCES 


NATIONAL ACADEMY OF SCIENCES (DISTRIBUTION AND AGES OF MEMBERSHIP) . 
By Fred. E. ii Home Secretary 
NATIONAL ACADEMY OF SCIENCES*--ORGANIZATION 
NATIONAL ACADEMY OF SCIENCES—-THE CONFERENCE ON BIOELECTRIC Po- 


MATHEMATICS 


A THEOREM ON CONVEX BODIES OF THE BRUNN-MINKOWSKI TYPE. 
By Herbert 
THE m-ALITY THEORY OF . . . . . . «.By Alfred L. Foster 
ON A THEOREM OF DIEUDONNE . . By Paul R. Halmos 
OSCULATING CONICS OF THE INTEGRAL Cunvas OF THIRD ORDER DIFFERENTIAL 
EQUATIONS OF THE TYPE (G) . . By Edward Kasner and John De Cicco 
REMARK CONCERNING INTEGRATION. . . . . By E. J. McShane 
ON THE DEGREE OF CONVERGENCE OF » Hamwonie POLYNOMIALS TO HARMONIC 
Functions. . . . . By J. L. Wash, W. E. Sewell and H. M. Elliott 
A SrmpLeE ANALYTICAL PROOF OF A FUNDAMENTAL PROPERTY OF BIRATIONAL 
TRANSFORMATIONS . . . . . . .,. . . . «By Oscar Zariski 


547 


ON DIFFERENCE SETS... « « » S 


CHARACTERS OVER CERTAIN TYPES OF RINGS WITH 1 APPLICATIONS TO THE THEORY 
OF EQUATIONS IN A Finite Fietp ByL. K. Hua and H. S. Vandiver 
BAYES SOLUTIONS OF SEQUENTIAL DECISION PROBLEMS ._. 
By A. W ‘ald ond J. Wolfowitz 
PRIMARY IDEALS IN GRoUP ALGEBRAS . By Irving Kaplansky 
INTEGRAL REPRESENTATIONS OF BILINEAR FUNCTIONALS. 
By Marston Morse and William Trenene 
THE COEFFICIENTS OF SCHLICHT FuNcTIONS, IV... 
By A. C. Schaeffer ond D. C. ‘Spencer 
ON ZERMELO’S AND VON NEUMANN’S AXIOMS FOR SET THEORY . By Hao Wang 
BOUNDS FOR THE SOLUTIONS OF A SECOND-ORDER LINEAR DIFFERENTIAL EQUATION 
By Walter Leighton 
PRINCIPAL QUADRATIC FUNCTIONALS AND SELF-ADJOINT SECOND-ORDER DIF- 
FERENTIAL EQUATIONS : . . By Walter Leighton 
THe Last Entry Gauss's Diary By S. Chowla 
ON THE THEOREM OF JENTZSCH . . . . By Aryeh Dvoretzky 
ON DEVIATIONS BETWEEN THEORETICAL AND EmPmicat DISTRIBUTIONS . 
By M. Kae 
A THEORY OF TRACE-ADMISSIBLE ALGEBRAS . . . By A.A. Albert 
THE Homotopy Groups oF A TRrAD . By A. L. Blakers and William S. Massey 
ON THE ‘‘CENTRAL" PROBABILITY PROBLEM . . . .  . By Michel Loéve 
ON CONGRUENCES WHICH RELATE THE FERMAT AND WILSON QUOTIENTS TO THE 
BERNOULLI NUMBERS... . . By H. S. Vandiver 
DirFUSION EQUATION AND Srocuasric Procusszs . By S. Bochner 
On EpsTetn’s ZETA FUNCTION (1) . . . . By s Chowla and A. Selberg 
On A NeW METHOD IN ELEMENTARY NUMBER THEORY WHICH LEADS TO AN 
ELEMENTARY PROOF OF THE PRIME NUMBER THEOREM. . . By P. Erdés 


Page 
117 
423 
|_| 
31 
38 
43 E 
46 
50 
59 
62 
94 
99 
133 
136 
143 : 
150 
190 
192 
244 
246 
252 
317 
322 
328 
368 
371 
374 


iv CONTENTS Proc, N. 


ON THE STRUCTURE OF LocALLy Compact Groups . .By Andrew M,. Gleason 
ON THE AUTOMORPHISMS OF ASFIELD . By Loo-Keng Hua 
THE FRECHET VARIATION AND THE Conve RGENCE OF MULTIPLE FOURIER SERIES. 
By Marston Morse and William Transue 
ON THE ZEROS OF SUCCESSIVE DERIVATIVES OF ENTIRE FUNCTIONS. 
By Hans 
Homoropy Groups oF CERTAIN ALGEBRAIC SysteMS. . . . By P. A. Smith 
INEQUALITIES BETWEEN THE TWO KINDS OF EIGENVALUES OF A LINEAR pores 
FORMATION. . . By Hermann Weyl 
CONTINUED FRACTIONS, ALGEBRAIC FUNCTIONS AND THE Papi TABLE. ‘ 
By Richard Bellman and Ernst G. Straus 
ON THE NUMBER OF SOLUTIONS OF SOME TRINOMIAL EQUATIONS IN A FINITE 
FIELD ..  .By Loo-Keng Hua and H. S. Vandiver 
ON THE NATURE OF THE SOLUTIONS OF CERTAIN EQUATIONS IN A FINITE FIELD. 
By L. K. Hua and H. S. Vandiver 
THe CLAss NUMBER OF THE CyYCLOTOMIC FIELD 
By N.C. Ankeny and S. Chowla 
SOME PROPERTIES OF A SFIELD. By Loo-Keng Hua 
IMPRIMITIVITY FOR REPRESENTATIONS OF LOCALLY COMPAL Groupes 
By George W. Mackey 
SoME Two-PERSON GAMES INVOLVING BLUFFING . 
By Richard Be ibiens and David Blackwell 
ON FLUCTUATIONS IN COIN-TOSSING ; By Kai Lai Chung and W. Feller 
A GENERALIZATION OF THE SCHWARZ-CHRISTOFFEL TRANSFORMATION 
By D. Gilbarg 
On SOME GENERALIZATIONS OF THE CAUCHY-FRULLANI INTEGRAL ThA 
By A. M. Ostrowski 
On A THEOREM OF WEYL CONCERNING EIGENVALUES OF LINEAR TRANSFORMA- 
TIONS. I . By Ky Fan 
ON SELF-ADJOINT DIFFERENTIAL EQUATIONS OF Savon ORDER 
By Walter Le ighton 
Tue PROBLEM FOR BOUNDED ScuLicut Functions By H. L. Royden 
GEOMETRY OF REDUCED MOMENT SPACES By S. Karlin and L. S. Shapley 
ON n-DIMENSIONAL CONCEPTS OF BOUNDED VARIATION, ABSOLUTE CONTINUITY 
AND GENERALIZED J] ACOBLAN : By T. Rado and P. V. Reichelderfer 
QUADRATIC RELATIONS INVOLVING THE NUMBERS OF SOLUTIONS OF CERTAIN 
TYPES OF EQUATIONS IN A FINITE FIELD . By H. S. Vandiver 
ON THE USE OF INDETERMINATES IN THE THEORY OF EXPONENTIAL SUMS 
By H. S. Vandiver 


ASTRONOMY 
SOME PROBLEMS OF THE EVOLUTION OF STARS... > By Otto Struve 
PHYSICS 


PuysicAL SYSTEMS OF CURVES IN SPACE 


By Edward Kasner and John De Cicco 
CRYSTALLOGRAPHIC SYMMETRY IN RECIPROCAL SPACE By M. J. Buerger 
PuysicaL CURVES IN SPACE OF 7 DIMENSIONS 

By Edward Rave and John De Pace 


A. S. 


395 


399 
405 


408 


47: 


384 
| 386 
| 389 
= 
477 
481 
533 
| j 
537 
600 
605 
609 
612 
: 
7 
652 
657 
] 673 
| 
678 
686 
106 
198 
201 


Vo. 35, 1949 CONTENTS 


On BENDING OF CURVED THIN-WALLED TUBES . . . . By Eric Reissner 
NOTE ON THE THEORY OF LIFTING SURFACES ... By Eric Reissner 
SECOND ORDER DIFFERENTIAL EQUATIONS OF RANK 2 IN ‘Puy siIcs 
By Edward Kasner and Don M 
SEPARATION OF THE VARIABLES IN THE ONE-PARTICLE SCHROEDINGER EQUATION 
IN 3-SPACE.. . By Luther Pfahler Eisenhart 
PHYSICAL FAMILIES IN ‘CONSERVATIVE F IELDS OF FORCE... 
By Edward Kasner De 
SUPERCONDUCTIVITY AND THE BOHR MAGNETON . . =By E. U. Condon 
SEPARATION OF THE VARIABLES OF THE TWO-PARTICLE WAVE EQUATION ._. 
By Luther Pfahler Eisenhart 


ENGINEERING 


First APPROXIMATION OF PRESSURE DISTRIBUTION ON CURVED PROFILES AT 


CHEMISTRY 


AGGREGATION PHENOMENA IN EGG ALBUMIN SOLUTIONS AS DETERMINED BY 
LIGHT SCATTERING MEASUREMENTS . By M. Bier and F. F. Nord 
FURTHER EXPERIMENTS WITH VITAMIN A IN RELATION TO AGING AND TO LENGTH 
or Lire. . . . . By Henry C. Sherman and Helen Yarmolinsky Trupp 
THE PREPARATION OF SPECIFIC ADSORBENTS . . .  . By Frank H. Dickey 
THE VALENCE-STATE ENERGY OF THE BIVALENT OXYGEN pune 
By Linus Pauling 
THE DISSOCIATION ENERGY OF CARBON MONOXIDE AND THE HEAT OF SUBLIMA- 
TION OF GRAPHITE. By Linus Pauling and William F. Sheehan, Jr. 
AGGREGATION PHENOMENA IN POLYVINYL ALCOHOL-ACETATE SOLUTIONS. 
By S. N. Timasheff, M. Bier and F. F. Nord 
ON THE STABILITY OF THE Ss MOLECULE AND THE STRUCTURE OF FIBROUS SULFUR 
By Linus Pauling 


GEOLOGY 


THE MIOCENE OCCURRENCE OF SEQUOIA AND RELATED CONIFERS IN THE JOHN 
Day BASIN... By Ralph W. Chaney 
EARLY TERTIARY Ecorongs 1 IN Western NortH AMERICA By Ralph W. Chaney 
THE PRINCIPLES OF TIME SERIES ANALYSES APPLIED TO OCEAN WAVE Data... 
By H. R. Seiwell 


BOTANY 


INHIBITION OF PLANT GROWTH BY PROTOANEMONIN AND COUMARIN, AND ITS 
PREVENTION BY BAL . By Kenneth V. Thimann and Walter D. Bonner, Jr. 
ANTIBIOTIC SUBSTANCES FROM BASIDIOMYCETES. IV. MARASMIUS CONIGENUS . 
By Frederick Kavanagh, Annette Hervey and William J. Robbins 

A Mernop or EFFECTING ZYGOSPORE GERMINATION IN CERTAIN CHLOROPHYCEAE 
By Richard: C. Starr 

THE CORRELATION IN SHAPE AND SIZE BETWEEN EPIDERMAL AND SUBEPIDERMAL 
. « « . . By Frederic T. Lewis 


v 
204 
208 
338 
412 
419 
488 
490 
| 
17 
90 
227 
229 
359 
364 
495 
356 
518 
| 272 
343 
453 
506 


CONTENTS Proc. N, A. S. 


ZOOLOGY 


THE NUCLEOPROTEIN CONTENT OF WHOLE NUCLEI .. 
By A. W. Pollister ond C. ‘Lonchtonberges 
CONJUGATION BETWEEN DOUBLE MONSTERS AND SINGLE ANIMALS IN PARA- 
MECIUM BURSARIA . . By Tze-Tuan Chen 
THE NATURE OF THE Sescuncrry OF ME ETHYL GREEN FOR CHROMATIN. 
By Arthur W. Pollister and Cecilie Leuchtonborger 
THe CULTURE OF PARAMECIUM AURELIA IN THE ABSENCE OF OTHER LIVING 
Orcanisms. . . . . By W. J. van Wagtendonk and Patricia L. Hackett 
RESPONSES OF THE PROXIMAL RETINAL PIGMENT OF THE ISOLATED CRUSTACEAN 
EYESTALK TO LIGHT AND TO DarKNESS . . ByL. H. Kleinholz 
THE SURFACE GEL LAYER OF FUNDULUS EGGS IN RELATION TO EPIBOLY . . 
By J. P. Trinkeus 
ON THE INTERPRETATION OF MULTI-HiT SURVIVAL CURVES . 
By K. C. Atwood wud Noreen 
ATYPICAL PIGMENT-CELL DIFFERENTIATION IN EMBRYONIC TELEOSTEAN GRAFTS 
ANDISOLATES. . . . . . . . . . . ByJane M. Oppenheimer 


GENETICS 


UnusuAL GENE-CONTROLLED COMBINATIONS OF CARBOHYDRATE FERMENTATIONS 
in YEAST Hysrips . .By Carl C. Lindegren and Gertrude Lindegren 
By M. M. Rhoades and Warwick E. Kerr 
Tue ACTION OF ALLELIC FORMS OF THE GENE A IN Maize II. THE RELATION 
oF CROSSING OVER TO MutaTION oF AX... .-s By John R. Laughnan 
ABERRANT HETEROZYGOTES IN ESCHERICHIA Cott. . . .By Joshua Lederberg 
THE IN VITRO SYNTHESIS OF PANTOTHENIC ACID BY PANTOTHENICLESS AND WILD 
Type NEUROSPORA .. . . By Robert P. Wagner 
ACQUISITION OF THE J SUBSTANCE BY THE Bovens ERYTHROCYTE : 
By Clyde Stormont 
FURTHER STUDIES ON THE EFFECT OF INFRA-RED RADIATION ON X-RAY-INDUCED 
CHROMATID ABERRATIONS IN TRADESCANTIA.. . By C. P. Swanson 
DEVELOPMENTAL ANALYSIS OF GENETIC DIFFERENCES IN PIGMENTATION IN THE 
. . By H. Clark Dalton 
INHERITANCE OF CAROTENOID Duvexue NCES IN LYCOPERSICON ESCULENTUM 
STRAINS... . By G. Mackinney and J. A. Jenkins 
THE BEADED MINUTE Cosmamation AND SEX-DETERMINATION IN DROSOPHILA 
By A. H. Sturtevant 
THE INTERSEXUAL MALES OF THE BEADED MINUTE COMBINATION IN DROSOPHILA 
MELANOGASTER By Richard B, Goldschmidt 
CHROMOSOME SEGREGATION IN Mane TRansocanons IN RELATION TO CROsS- 
ING OVER IN INTERSTITIAL SEGMENTS. . . ByC.R. Burnham 
STUDIES ON THE BIOCHEMICAL GENETICS OF YEAST. 
By Seymour Pomper and R. Burkholder 
VARIATION IN THE AMOUNT OF DESOXYRIBOSE NucCLEIC AcID IN DIFFERENT 
TISSUES OF TRADESCANTIA . By Franz Schrader and Cecilie Leuchtenberyer 
CHROMOSOMES OF A Fox Hyprip (ALOPEX-VULPES) .. 
By Louise Wipf and Richard M. Shackelford 


vi 
66 
108 
111 
iv 155 
¢ 215 
218 
696 
i 709 
23 
129 
167 
178 
185 
232 
237 
277 
284 
311 
314 y 
349 
456 
464 ‘4 
468 


VoL. 35, 1949 CONTENTS 


Tue Errecr oF NITROGEN MuSTARD PRETREATMENT ON THE ULTRA-VIOLET- 
INDUCED MORPHOLOGICAL AND BIOCHEMICAL MUTATION RATE... 
By C. P. Swanson, W. D. McElroy and Helma Miller 
LINKAGE STUDIES OF THE Rat. X. . By W. E. Castle and Helen Dean King 
Tue ROLE OF ORGANIC PEROXIDES IN THE INDUCTION OF MUTATIONS . 
By Frank H. Dickey, George H. Cleland and Carol Late 
Crosstnc-OVER BETWEEN ALLELES AT THE LOZENGE Locus IN DROSOPHILA 
MELANOGASTER . . By M. M. Green and K. C. Green 
EXPERIMENTS ON LIGHT- OF ULTRA-VIOLET INACTIVATED BaAc- 
TERIA .. . By A. Novick and Leo Szilard 
A GENIC SERIES PIGMENTS’ PRODUCTION 
ZEA MaysL.. . . . By Herbert L. Everett 
REPRODUCTION AND DISTRIBUTION OF THE Crrostasec FACTOR FOR MALE 
STERILITY IN MAIZE . .. By Warren H. Gabelman 
THE EFFECT OF OXYGEN ON THE PReQuency ¢ OF X-Ray INDUCED CHROMOSOMAL 
REARRANGEMENTS IN TRADESCANTIA MICROSPORES . 
By Norman H. Giles, Jr., and Riley 
Tue INFLUENCE OF THE Y-CHROMOSOME ON X-Ray INDUCED MuTATION RATE 
IN DROSOPHILA MELANOGASTER... Jean Kerechner 


PHYSIOLOGY AND BIOCHEMISTRY 


RIBOFLAVIN-SENSITIZED PHOTOOXIDATION OF INDOLEACETIC ACID AND RELATED 
CoMPpouNDS By Arthur W. Galston 
THE Mope oF ACTION OF THE METAL- PEPTIDASES By Emil L. Smith 
INDIVIDUAL METABOLIC PATTERNS, ALCOHOLISM, GENETOTROPHIC DISEASES. 
By Roger J. Williams, L. Joe Berry and Ernest Beerstecher, Jr. 
EVIDENCE FOR A TRYPTOPHANE CYCLE IN NEUROSPORA . 


By Francis A. Haskins and Hersch K. Mitchell 

SoME BIOELECTRICAL PROBLEMS. .. . By W. J. V. Osterhout 

SomE PuysIcaL ASPECTS OF BIOELECTRIC PHENOMENA . . By Kenneth S. Cole 
THE SOURCE OF THE BIOELECTRIC POTENTIALS IN PLant Cetts 

By L. R. Blinks 

Qurino.inic Acip ACCUMULATION IN THE CONVERSION OF 3-HYDROXYANTHRANILIC 

Acip TO NIACIN IN NEuROSPORA By David M. Bonner and Charles Yanofsky 


PATHOLOGY AND BACTERIOLOGY 


THE ISOLATION OF BIOCHEMICALLY DEFICIENT MUTANTS OF BACTERIA BY MEANS 
OF PENICILLIN. . By Bernard D. Davis - 
EFFECT OF VISIBLE LIGHT ON THE s Recovery OF STREPTOMYCES GRISEUS CONIDIA 
FROM ULTRA-VIOLET IRRADIATION INJURY. . . . .  . By Albert Kelner 
PHARMACOLOGICAL MODIFICATION OF RESISTANCE TO RADIATION—A_ PRELIMI- 
WARY REPORT... .. John B. Graham and Ruth M. Graham 
THE MECHANISM OF PROTEINURIA .. 
AEROBIC FORMATION OF FUMARIC ACID IN THE Ruizopus NIGRICANS: 
SYNTHESIS BY Direct C; CONDENSATION. .By J. W. Foster, S. F. 
Carson, D. S. Anthony, J. B. Davis, W. E. Jefferson and M. V. Long 


ANTHROPOLOGY AND PSYCHOLOGY 


ON INTERPOSITION AS A CUE FOR THE PERCEPTION OF Distance By P. Ratoosh 
VALUES AS A SUBJECT OF NATURAL SCIENCE INQUIRY. . . .ByA.L. Kroeber 


vii 
513 
545 
581 
586 
591 
628 
634 
640 : 
647 
10 
80 
500 
548 
558 
566 
576 
1 
73 
3 102 
194 
663 
257 
261 


Viii CONTENTS Proc. N, A. S. 


INFRARED ABSORPTION IN FIELD STUDIES OF OLFACTION IN HONEYBEES. . 
By Walter R. Miles and Lloyd H. Beck 
SoME RECENT APPROACHES TO THE EXPERIMENTAL STUDY OF HUMAN FATIGUE. 
By Leonard Carmichael, John L. Kennedy and Leonard C. Mead 


ERRATA 


SOME PROPERTIES OF ROTATIONAL FLOW OF A PERFECT GAS : 
By P. Neményi ond R. Prim 
BOUNDS FOR THE SOLUTIONS OF A SECOND-ORDER LINEAR DIFFERENTIAL EQUATION 
By Walter Leighton 
AGGREGATION PHENOMENA IN POLYVINYL ALCOHOL-ACETATE SOLUTIONS .. 
By S. N. Timasheff, M. Bier and F. F. Nord 
STUDIES ON THE BIOCHEMICAL GENETICS OF YEAST 
By Seymour Pomper wa P. R. 


| 691 
116 
| 422 
| 
494 
712 
‘ed 


‘Tus it the official organ of the Nattowar Gr 
the Narronat Counc. for. the publication of 


instances to an gh more 
on. ‘Particular attentidn 


be furnished in some detail and min 


following’ ¢ mit title of paper), abbreviated 


keg 


author’s correctsons shall be. billed ‘to him. 


Reprints should be ordered at the time of submission of 
will be to authors at cost, approximately 


SCHEDULE OF RATES. FOR REPRINTS, CARRIAGE CHARGES, 


and of the CopNcr an to secure prompt p of the results of American. 
Azticies should ‘be per to previous publica gnificance of the work’ 
es of data should be a should give some rei | 
and be repared with ¢ should be typewritten | 
CREDINGS as ing, the auth, ine tos 
be confin allowed in sp 
NartonaL ds of the paper, Article 


| 


402 


ANN ARBOR, MICHIGAN. 


| 
| 


